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Given an algebraic germ of a plane curve at the origin, in terms of a bivariate poly-
nomial, we analyze the complexity of computing an irreducible decomposition up to
any given truncation order. With a suitable representation of the irreducible compo-
nents, and whenever the characteristic of the ground field is zero or larger than the
degree of the germ, we design a new algorithm that involves a nearly linear number of
arithmetic operations in the ground field plus a small amount of irreducible univariate
polynomial factorizations.

KEYWORDS: contact factorization, approximate root, polynomial factorization, alge-
braic curve, complexity

1. INTRODUCTION

1.1. Motivation

Algebraic curves play a central role in algebraic geometry and various applications in
effective algebra. In particular, efficient algorithms are needed to compute topolog-
ical or analytic invariants, arithmetic genus, desingularized models, integral closures,
Riemann—-Roch spaces, etc. Usual applications in computer algebra concern the irre-
ducible factorization of multivariate polynomials, the integration of rational functions,
the construction of algebraic geometry error correcting codes, the bi-linear complexity
of polynomial multiplication, etc. In the present paper, we are interested in computing
the irreducible factorization of any given polynomial P € K[[z]][x], where K denotes
an effective field. Here “effective” means that algorithms are at our disposal for the arith-

metic operations and the zero test in K.
Let K((2)) denote the fraction field of K[[z]] of Laurent series in z. The field

Kz = K(z')

izl
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of power series with fractional exponents is called the field of Puiseux series (or Puiseux
expansions) over K. Let K denote the algebraic closure of K. If K has characteristic
zero, then K ((z)) is the algebraic closure of K((z)). In other words, any polynomial P
in K((z))[x] splits into linear factors in K ((z))[x].

Computations of Puiseux expansions of roots of P go back to Newton [62], and were
rediscovered by Puiseux [75]; see [5, p. 198] and [82, 86]. The well known Newton polygon
method turns out to be effective whenever K is effective. When adopting a suitable alge-
braic complexity model (in which running times are measured in terms of the required
number of arithmetic operations in K or K), the complexity is easily seen to be poly-
nomial in the degree of P and in the required precision. However, at present time, we
are not aware of an algorithm with a softly linear cost for any precision (especially below
the valuation of discriminant of P).

For the design of such a quasi-optimal algorithm, it is important to carefully state the
problem that needs to be solved. In particular, one has to pay attention to the ways in
which algebraic numbers and fractional power series are represented. It turns out that the
computation of Puiseux expansions is closely related to the computation of irreducible
factorizations in K[[z]][x] and that representation issues are more straightforward for
the latter problem.

In this paper, we therefore focus on the computation of irreducible factorizations. Our
main goal is the design of an efficient algorithm for factoring a polynomial P € K[[z]][x]
that is given modulo O(z") for a finite precision T € N, assuming that we already have
an algorithm for decomposing polynomials in K [x] into irreducible factors.

1.2. Notations and assumptions

For complexity analyses, we consider algebraic complexity models (such as computa-
tion trees). In other words we simply count numbers of arithmetic operations and zero
tests in specified algebraic structures.

Until the end of the paper, € >0 is a fixed rational number that can be taken arbitrarily
close to zero. For complexity estimates we often use the soft-Oh notation: f(n) = O( g(n))
means that f (n) =g(n) (log(g(n)) YO gee [26, chapter 25, section 7] for technical details.
The least integer larger or equal to x is written [x]; the largest one smaller or equal to x is
written | x|.

For randomized algorithms over a finite effective ring A, we assume a special instruc-
tion that uniformly generates random elements in A with constant cost. For a given
input, the cost of a randomized algorithm is thus a random variable. The expected cost for
input size s is defined as the maximum of the averages of these random variables over
all possible inputs of size <s.

For a finite field [F; of characteristic p and with g elements, the usual primitive element
representation will be used, so elements in F, will be regarded in F,[z]/ (v(z)) where v
is an irreducible polynomial of degree log g/log p.

Polynomials We use M(d) as a notation for the cost of multiplying two polynomials of
degree <d, in terms of the number of operations in the coefficient ring. We assume that
M(d) /d is a non-decreasing function in d. It is known [11, 77] that one can take M(d) =
O(dlogdloglogd). For rings of positive characteristic, one even has M(d) = O(dlogd),
modulo a plausible number-theoretic conjecture [34]. We will also denote

Alx]<s:={P€ A[x]:deg P <d}.
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Algebraic towers A tower of algebraic extensions of K of height t is a sequence (A;);<; with
Ap=K and

Ai=Ai_q[xi]/ (uilxi))

for a separable irreducible monic polynomial y;€ A;_1[x;—1] and i=1,...,t. We set
s;:=deg u;.

Products and inversions in A; take O((sq+--s;)1+€) operations in K. This was first proved
in [45] in the case when A\ is a field and card K > (*'","*). The result was extended to
more general algebraic towers in [46]. Whenever card K < (! '2"sf>, we may work in an
algebraic extension L of degree n=0O(log(s; - - - s¢)) such that q" =card L > (Sl '2"Sf). The
computation of such an extension can be done using é(pl/2 (nlog q)o(l)) =0(s1 - sp)
operations in the prime subfield F, of K, thanks to [79, Theorem 4.1]. For a fixed field K,
this can be regarded as a precomputation, whereas computations with elements in L
instead of K induce only a logarithmic overhead O(log (51-++5p)).

Factorization We define Fx (1;51,...,5;) to be an upper bound for the cost (expected or
not) of irreducible factorization of a polynomial in A[x]¢,. It is convenient to introduce
Fx(n;s1,...,5¢t)

I_:K(m) =m max
nsy---s;<m MS1--+S¢

SO I_:K(m) /misa non—decreasing function in m.

For example, if K is the finite field F,;, then a well known probabilistic algorithm
due to Cantor and Zassenhaus [12] factors univariate polynomials in Fy[x]<n using an
expected number of O(n*log? ) bit operations.

The currently best known algorithm is obtained as a combination of results due to
von zur Gathen, Kaltofen and Shoup [27, 48, 49], and Kedlaya and Umans [51]: it takes
an expected number of

Fr,(n) =O((n"log qlog p)'*€)

bit operations; see [47, Corollary 5.1].

The case of a tower (A;);<; over F;= A (with the above notation) reduces to the case
of Fgs1-s: by means of the fast change of representation of [70, Theorem 1.2], that applies
whenever

logq
p>51"'5f10gp. (1.1)
In terms of bit complexity, and for a “random access memory” computational model,
this yields

Fr(1;81,...,50) =0((n'°sq - --stlogqlogp)“e).

Details can be found in [47, Corollary 5.3]. Whenever condition (1.1) is satisfied, we may
then use the expected bit complexity bound

I_:qu(m) = O((ml‘Slogqlog p)”e).

When the tower has small degrees s;, optimized factorization procedures can be found
in [44, 47, 48]. In particular, if log q/log p is smooth, then polynomials of small degree
can even be factored in quasi-optimal time. Note that these optimizations do not depend
on Kedlaya-Umans' algorithm for modular composition.
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For an abstract effective field K, there does not exist a general algorithm to factor
polynomials in K[x] into irreducible ones [24, 25]. Throughout this paper, we will there-
fore need to assume that such an algorithm is provided by the computational model:

K. Irreducible factorization in K[x] is available within the computational model.

In practice, this property holds whenever K is effectively finitely generated over its prime
subfield. Once factorization is available in K[x], it is also available in A;[x], with a com-
plexity that depends on those of resultants and gcds [81].

1.3. Related work

Let K still denote an effective field, let P(z,x) € K[[z]][x] be monic as a polynomial in x,
and assume that P(0,0) =0. So P(z,x) defines a germ of curve at the origin. In practice,
we always truncate P at a finite order in z. For the discussion in the following paragraphs,
we therefore take P € K[z][x] and assume that P is monic, primitive, and separable in x,
of total degree <d, and of partial degrees <d, in z and <d, in x.

Puiseux expansions If the characteristic of K is zero or sufficiently large, then Puiseux
expansions to any given precision can be computed in polynomial time when consid-
ering an algebraic complexity model over K—this result belongs to the folklore.

Consider a Puiseux series x(z) that is a root of P. The shortest truncation of this series
which is different from any truncation of a distinct Puiseux series root of P is called the
singular part of x(z). In 1978, Kung and Traub [52] showed that the Puiseux expansion of
x(z) can be computed efficiently using Newton's method, once its singular part is known.

The complexity of the computation of singular parts started to be studied in the
eighties. In [35], Henry and Merle showed that the embedded resolution of an irre-
ducible germ of curve defined by P(z,x) =0 at the origin can be computed with O(d®)
operations in K. In [19], Duval introduced the notion of rational Puiseux expansions, that
allowed computations over K to be replaced by computations over K. She adapted the
usual Newton polygon algorithm to such a rational representation, and made use of
dynamic evaluation to handle algebraic extensions without polynomial factorization. She
achieved a total cost of O(d®) operations in K, whenever the characteristic is zero or
sufficiently large. This analysis was based on slow arithmetic for polynomials and series.

In his PhD thesis [68], Poteaux showed that Duval's algorithm takes at most Od%d?)
operations in K in order to obtain all the singular parts of the Puiseux expansions. In [69],
Poteaux and Rybowicz also proved that the singular parts of the rational Puiseux expan-
sions centered at a single point can be computed using O(dsd, + d2log q) operations
in K, in the case when K = F;; this bound relies on fast polynomial arithmetic. In [72],
Poteaux and Weimann finally gave a probabilistic algorithm that allows singular parts
to be computed with O(d, (val,(Discy P) + 1)) operations in K, assuming that the charac-
teristic of K is zero or sufficiently large. This bound is quasi-optimal in worst cases, when
we need order about val,(Disc, P) before root separation takes place [72, Example 8.1].
Their algorithm makes use of dynamic evaluation and the singular parts are represented
by truncations of rational Puiseux expansions. These algorithms by Poteaux et al. also
extend efficiently to obtain the collection of all singular parts at each of the singular-
ities of the algebraic curve defined by P(z,x) =0. As a byproduct, Poteaux and Weimann
proved the expected complexity bound O(d, (val,(Discy P) + 7)) + Fx (dy) for the irre-
ducible factors of P at precision O(z"), still under the assumption that the characteristic
of K is >d,; see [72, Theorem 1.6].
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When K = Q, a polynomial bit complexity for Puiseux series was first achieved
by Chistov [13]. The complexity bound for this case was subsequently detailed and
improved by Walsh [83, 84]. Since the complexity exponents are rather large, multi-
modular approaches turn out to be of practical interest [68].

Once singular parts are known, we have already mentioned that Puiseux expansions
can be extended by means of the Newton operator, as described in [52]; see also [39] for
recent optimizations. For small and moderate expansion orders, it is often more efficient
to use lazy or relaxed arithmetic to expand algebraic power series [38, 85]. For very large
expansion orders, yet another method is to compute a differential operator that annihi-
lates the expansions [15, 16]; see [8] for complexity bounds. It is also worth mentioning
that individual terms of algebraic Puiseux series over a finite field can be computed even
faster than with the Newton iteration [7].

Approximate roots In positive characteristic, the field of Puiseux series no longer coin-
cides with the algebraic closure of K((z)); see for instance [50]. Hamburger—Noether
expansions constitute a natural extension of Puiseux series in positive characteristic [9].

In his 1989 article [1], Abhyankar addressed a question from Kuo about an algo-
rithm to decide the irreducibility of a germ of curve, without using blowups or Puiseux
series. In characteristic zero, Abhyankar gave a positive answer to this question, by using
expansions of the defining polynomial of the germ with respect to so-called approximate
roots. These approximate roots can be determined recursively by means of a generalized
Newton polygon, previously introduced in [2, 3]. They generalize Tschirnhaus trans-
forms [80]. Complexity analyses can be found in [71, 73 ]: in favorable cases irreducibility
tests take softly linear time (plus a justifiable amount of irreducibility tests in K[x]).

Abhyankar's work has been completed and extended to arbitrary characteristic by
Cossart and Moreno-Socias in [ 18], where they present an alternative construction based
on valuation theory. The mathematical relationship between approximate roots, Puiseux
expansions, and Hamburger-Noether expansions can be found in [73, 76].

Local factorizations Whenever L is a local ring different from K[[z]], factorization in
L[x] is a more difficult problem, for which Puiseux expansions cannot be used. The first
interesting case is when L is the field Qj, of the p-adic numbers. Let F be a monic prim-
itive square-free polynomial in Z[x]. A first series of contributions concern the Round
Four algorithm due to Zassenhaus, and dedicated to the construction of integral bases
modulo F; see [17, 21, 22] for instance. The first polynomial time algorithm for factoring F
over Q, was given by Chistov [14], and then improved by Cantor and Gordon in [10].

After that, Pauli [67] designed a factorization algorithm over an algebraic extension
of degree k of Q, with bit complexity

(dzvalp(disc F) (d +val,(disc F)) log phyl+o®, (1.2)

Since 1999, Montes has been designing different algorithms; his irreducibility test of [57]
has been shown in [23] to have a complexity similar to (1.2).

The next improvements are due to Guardia, Montes, and Nart [29, 30]. They exploit
previous ideas by MacLane and Okutsu in order to compute so-called OM factorizations
(as a shorthand for “Okutsu—Montes factorizations”); see [61] for a survey. In [6], Bauch,
Nart, and Stainsby proved the bit complexity bound

O((d*+ dvalg(disc F) +dval,(disc F) log phyl+ody
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for an algebraic extension of degree k of Q,. Further refinements and applications,
including the computation of integral closures, can be found in [20, 31, 32].
In [74] Poteaux and Weimann recently improved the latter complexity bound to

O((dval,(disc F) 1ngk)1+o(1))

(discarding factorization costs in F,[x]) whenever p >d: they made use of the natural
“divide and conquer” extension of the generalized Hensel lifting of [33] and also applied
the same “increase of precision” strategy as in [72].

Non-archimedean value groups Various other generalizations of Puiseux expansions
have been investigated by van der Hoeven, starting in 1997 with his PhD thesis [37]. First
of all, he developed a framework for the resolution of algebraic equations over a field S
of generalized power series instead of K[[z]]. One natural example is to take S =K ((z)),
where K is an effective subfield of another field of Laurent series k ((#)). In this case, the
underlying value group of S becomes non-archimedean, and the issue arises how to con-
duct exact computations with truncated power series. This is easy if K =k (u), but less
trivial if K contains transcendental power series such as sin 1, because of the required
zero test. We refer to [41, 42] for some recent perspectives on this type of computations.

The resolution of algebraic equations over fields S of generalized power series is
still based on the Newton polygon method. However, the complexity can no longer be
analyzed in terms of the truncation order in a non-archimedean context. Instead, one
may consider the resolution of equations in Hensel position as a natural building block.
In [37], van der Hoeven showed how to reduce the resolution of a general algebraic equa-
tion of degree d to at most 2d — 1 applications of Hensel's lemma. It would be interesting
to analyze the complexity of this algorithm in the special cases that were considered
above.

Non-archimedean value groups are not merely a theoretical curiosity. Until recently,
effective counterparts of Hironaka's theory of standard bases for power series were only
known in the case of algebraic power series [4, 58]. In [42], generalized Puiseux series
have been put to develop elimination theories for more general power series, such as
differentially algebraic power series. Non-archimedean value groups actually arise in
a natural way when studying algebraic differential equations, and the Newton polygon
method can be generalized to this context; see [5] for recent progress and further refer-
ences.

1.4. Outline of the paper

The main purpose of this paper is to present a self-contained and quasi-optimal algo-
rithm for approximate factorization over rings of formal power series. We show how
to efficiently factor P into irreducible polynomials, and for each irreducible factor P; we
construct generators of the valuation group of K[[z]][x]/ (P;) in a form of a contact tower;
see Definition 3.1. An irreducible factorization of P modulo O(z") is a list of factors P, ...,
P, of P modulo O(z%), along with their associated multiplicity and contact tower; see
Definition 7.6. In particular the P; are irreducible, pairwise coprime, and we have

P=P"...PM"+0(z"),

for some integers m; > 1. The contact tower associated to P; allows the computation of
the valuation in K[[z]][x]/(P;) in softly linear time. The following main result will be
proved at the end of section 8.2:
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THEOREM 1.1. Let € be a fixed positive value, and assume K. Let P € K[[z]][x] be monic of
degree n in x, known modulo O(z"), and such that the characteristic of K is zero or >n. Then,
an irreducible factorization of P modulo O(z") can be computed using

Om'*e1)+2Fk (n)

operations in K.

Example 1.2. Take K:=Q, 7:=2, and P:= x2+0(z?%). Thenr=1, P;=x, and m; =2 is an
irreducible factorization of P modulo O(z%). Taking r=2, Py =x—2z, P=x+z,my=my=1,
we obtain another such factorization. This shows that approximate factorizations are not
unique in general.

Note that the term 2 F (1) is negligible with respect to 7€ 7 as soon as the precision T

is sufficiently large. By using our approximate factorization algorithm with a sufficiently
large precision, we deduce the following complexity bound for the actual irreducible
factorization of P; see section 9.5.

THEOREM 1.3. Let € be a fixed positive value, and assume K. Let P € K[[z]][x] be monic and
separable of degree n in x and known at precision val,(Discy P) + ¢ in z with ¢ >0. Assume that
the characteristic of K is zero or >n. Then, the irreducible factors of P can be computed modulo
O(z") using

O(n'*¢ (val.(Discy P) + o)) + 2 F ()
operations in K.

Theorem 1.3 considers val,(Discy P) as part of the input. This is not very restrictive in
characteristic zero or >val,(Disc, P) thanks to [60, Theorem 1]. On the other hand, if P
belongs K[z][x] then val,(Discy P) < (2n—1) deg, P can be computed with (5(112degZ pP)
operations in K. Theorem 1.3 can be regarded as a deterministic counterpart of [72, The-
orem 1.6] and is also similar to [74, Theorem 4], although the underlying algorithms are
notably different. Our proofs are elaborated from scratch by taking special care of the
precisions and the cost of all factorizations in K[x]. We rely neither on Puiseux expan-
sions (contrary to [72]), nor on OM factorizations, nor on approximate roots, nor on the
“divide and conquer” strategy from [72, 74] on the precision. Instead, our algorithm
is based on a natural cascade of factorizations driven by Newton polytopes and a new
method to balance the depth of the recursive calls: namely our central shift algorithm of
section 7.7. Note that approximate factorizations in the sense of Theorem 1.1 (especially
below the valuation of the discriminant) are not assessed in [72, 74].

The algorithm behind Theorem 1.1 decomposes into several subtasks for which we
design efficient solutions. The first subtask concerns the computation of so-called distinct-
slope and equal-slope factorizations; see section 7. Distinct-slope factorizations separate the
factors of P according to the slopes of its Newton polygons. Equal-slope factorizations
serve a similar purpose for polynomials with a single slope. We achieve these compu-
tations in softly linear time by means of a generalized Hensel lifting, as explained in
section 4.

The contact factorization algorithm performs a cascade of distinct-slope and equal-
slope factorizations over increasing contact towers. When the tree modeling the succes-
sive splittings of P is not sufficiently well balanced, the total complexity moves away from
quasi-linearity. Our central shift algorithm of section 7.7 circumvents this issue through
tree-balancing. The top level algorithm is described in section 8.



8 APPROXIMATE CONTACT FACTORIZATION OF GERMS OF PLANE CURVES

Computing over contact towers involves two difficulties. First, as for towers of alge-
braic field extensions, we do not know how to perform arithmetic operations in softly
linear time. We overcome this difficulty by doing most of the operations within the orig-
inal ring K[[z]][x] using a sufficiently high precision. The second difficulty concerns
zero tests and inversions in towers. In section 6, we introduce initial expansions, that can
be computed fast thanks to accelerated tower arithmetic [45].

As said, the power series setting from this paper is simpler than the one of gen-
eral local fields studied by Montes et al. Nevertheless, the main mathematical ideas are
roughly the same and go back to the work of MacLane [55, 56] on augmented valuations:
approximate roots, OM-factorizations, and contact towers share the same philosophy.

Compared to [55, 56], our contact towers represent a kind of a more general “aug-
mented semi-valuations”. Approximate roots can indeed be regarded as special cases
of contact towers but also of so-called “tipos” in [57]. Our contact factorization algo-
rithm does not rely on approximate roots: as explained in section 8.3, such roots may
be useful in practice, but it is a drawback that they are not preserved during factoriza-
tions. In fact, our new central shift strategy behaves as an algorithmic improvement with
respect to approximate roots; see section 2.6. While MacLane, and later Montes, focused
on constructing augmented (semi-)valuations over polynomial rings, our down-to-earth
and self-contained approach begins with designing efficient data structures in the vein
of triangular sets and Hironaka's standard bases [36]. In addition, let us mention that,
compared to [74], our multi-factor Hensel lifting of section 4 is based on a faster multi-
remaindering strategy.

We would also like to insist on our novel strategy for approximate factorizations, that
is behind Theorem 1.1. Roughly speaking, the problem here is similar to approximate
factorization in C[x]. The first quasi-optimal algorithms for the computation of the dis-
tinct roots were designed for the case when the required precision is sufficiently high [66,
78]; more recently, a different algorithm was proposed for small precisions [59]. Detailed
comparisons between all known algorithms for local factorization would be too long
and technical to be discussed here. Instead, we dedicate our next section to introduc-
tory examples that illustrate the computational difficulties that are common to all known
approaches.

At the end of the paper, a glossary is dedicated to the specific mathematical notations, and an
index gathers references to the main definitions.

2. INTRODUCTORY EXAMPLES

Before we give the formal definition of a contact factorization, we review a few motivating
examples from the complexity perspective.

2.1. Graded rings and Newton polygons

Let I be a totally ordered abelian group and let T CT be a monoid embedded inT. A graded
ring R with respect to the grading I' is a direct sum

@D R,

ecl’
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0 T T T T * T
0 1 2 3 4 5 6

N 4
0]

dy=9

Figure 2.1. The Newton polygon of P(z,x) :=z*x+ (2% +z) x* + 22+ 22x* + 25+ 2828 + 27 + 228 + 23%°.
Each dot represents a monomial in P.

where the R, are abelian groups such that R.Rf C R, s foralleand f inT. An element of R
is said to be homogeneous if it belongs to one of the R.. Any element a in R can be uniquely
written ) - [a],, where [a], € R, is called the homogeneous component of degree e of a. If
e€T and €T, then we also denote

[lgy= Y laly.
fer
e<f<e+y

The initial form of a non-zero element a € R, written in(a), is the non-zero homogeneous
component [a], with the smallest index e. By convention we set in(0) :=0.

An ideal I of R is said to be homogeneous whenever it can be generated by homoge-
neous elements, or equivalently whenever the homogenous components of any element
of I also belong to I.

To each non-zero element a € R we may associate the smallest index e =:v(a) such that
[a].#0; we set v(0) := co. The map v:R —T'U {0} is a semi-valuation, which means that it
satisfies v(a+b) >min (v(a),v(b)) and v(ab) Zv(a) +v(b) foralla,beR. Givenne >, we
call [a],;, the truncation of a at relative precision 1.

The Newton polygon of a non-zero polynomial

P=Py+Pix+---+ Py x™eR[x]
of degree d, is the lower border of the convex hull in R x (I'U {oo}) of the set of points
{(G,0(Py)):0<i<d,, P #0}.

Figure 2.1 illustrates this definition with R =K[[z]] and I'=N. The Newton polygon is
thus a broken line with edges (iy, jo), ..., (i, jr), with r >0, such that:

o D=ip<ig < - <1y,

o jx=v(P;) fork=0,...,r,

o v(P)> :iklk v(Py,,,) + sl v(P;,), for all k and i, <i<ij41 with P;#0,

ik Te41— Ik

i—i ikp1—1i . . ,
e (D)) >l.k+1—_kl.kv(Pl-k+]) + ikk:l]—ik v(P;), for all k and i <iy or i >ix41 with P;#0.
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Intuitively speaking, these conditions mean that (i,v(P;)) lies on or above the Newton
polygon. If Py=0, then we have ip:=0 and jy:=co. Any k=1,...,r determines an edge Ej
with vertices (ix_1, jk—1) and (ik, jk). The Newton polynomial associated to Ej is

Y [Plx T ER(x].

ieN,(i,j)€Ex

Whenever I' C R, the slope of Ej is (jx— jk—1) / (ix —ix—1). The first slope is —co whenever
Py=0. Two consecutive edges have different slopes.

2.2. Explicit solutions versus factorization

In order to illustrate computations in algebraic extensions of K or K[[z]], let us first
consider applying the Newton polygon method to an input polynomial of the form

P(Z,X) :PO(X) +ZP1(Z,X),

where Py(x) € K[x] is a monic separable irreducible polynomial of degree d, and P; €
K[z, x] has degree <d, in x. We then consider

P(z,x)=0 (2.1)

as a polynomial equation in x. The Newton polygon of P consists of a single edge starting
at (0,0) and ending at (dy,0); its slope is 0.

Equation (2.1) has a solution in E[[z]], where E:=K[x]/ (Po(x)). Indeed, let a be the
class of x in E. Replacing x by a + X in (2.1), we obtain the new equivalent equation

Pia) & +5Pg () %+ + 77 P (@) ¥ =2 Pi(z, 0+ 9). (2.2)

The separability of Py implies Py(«) # 0, which allows us to apply Hensel's lemma: there
exists a unique solution ¥ € E[[z]] with valuation v(X) >0 in z. This is the point of view
of factoring P in terms of Puiseux expansions.

In terms of space complexity, we note that computations in E typically require d,
times more space than in K. Fortunately, this is compensated by the fact that the “unique”
solution ¥ to (2.2) actually describes all d, solutions to (2.1) in K[[z]]. Indeed, any solu-
tion in K[[z]] is obtained by substituting a root { &€ K of Py for « in the expression of X.

From a time complexity point of view, the resolution of (2.2) can be done efficiently
by using Newton's method. However, this involves truncated power series evaluations
of expressions such as P1(z,a +X), where X € E[[z]]. These give in turn rise to modular
compositions (with modulus Pj). Over general coefficient fields K, no quasi-optimal
algorithm (of complexity Aty is currently known for this task, so it is preferable to
avoid such operations whenever possible. In particular, it is better to avoid working over
algebraic extensions of the field K of coefficients.

In order to avoid modular compositions, one idea is to consider that equation (2.1)
does not require any explicit resolution. In other words, it is already in such a simple
form that we may essentially consider it as “solved”. More generally, later in this paper,
we will consider an equation P(z,x) =0 as “solved” if and only if the Newton polygon
of P with respect to suitable “contact coordinates” has a single slope for which the asso-
ciated Newton polynomial is separable (and technically, irreducible).
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The problem of solving a general equation P(z,x) =0 with P € K[z,x] then reduces to
the problem of factoring P as a product of “solved” polynomials. From this perspective,
expressing the solutions of P(z,x) =0 as Puiseux series becomes a rewriting problem for
“solved” polynomials, which is independent from the main resolution of the equation
P(z,x) =0 itself.

2.3. Contact coordinates

Consider the polynomial equation in x over Q[[z]] given by
P(z,x):=x*—6x>—52z°x+9=0. (2.3)
When solving this equation by means of the Newton polygon method, we see that the
Newton polygon of P has a single slope with associated Newton polynomial
xt—6x2+9= (x2—3)2.

In other words, all solutions of (2.3) are of the form x =a1+0(1), where a% —3=0. Usu-
ally, the Newton polygon method proceeds by performing a change of variable

X=0u1+%,

while imposing the constraint v(¥) >0. So we are reduced to solving
P(z,a1+%) =%*+4m ¥ +12%° - 522 —52%a; = 0.

The Newton polygon has two edges: ((0,2),(2,0)) and ((2,0), (4,0)). Therefore v(x) =1
and we have 12%2— 52201 =0+0(z%), s0 ¥ =a»z 4+ 0(z), where 1243 —5a; =0. We proceed
with the change of variable

X=0nrz+ za%,
while imposing the constraint v(¥) >0. So we are now led to solving
Pz, 01+ apz+2%) /22=0=240,% + O(x2) + O(2).

The unique value of ¥ can therefore be computed efficiently by means of the Newton
iteration as a regular root of P(z,a1 + a2z + 2%) /z2. However, this means that we have to
work over the algebraic extension Q[ay,a5].

The idea behind contact calculus is to avoid computing over this type of algebraic
extensions, by working with respect to so-called contact coordinates instead. In the
present example, the idea is to rewrite (2.3) as

(Jc2—3)2 —522x=0.
We next reinterpret this equation as
@3 —52%p1=0, (2.4)
where ¢ and ¢, are two new variables that are subject to the following constraints:
o 1=x, =913,
e v(p1)=0and v(¢p2) >0.

The variables ¢1 and ¢, can be regarded as unknowns, with values in the ring of Puiseux
series in z. These unknowns satisfy the system of equations

P1=x, pr=91—3, p5-52%2¢;=0.



12 APPROXIMATE CONTACT FACTORIZATION OF GERMS OF PLANE CURVES

In other words, computing Puiseux expansions of solutions to P is equivalent to com-
puting Puiseux expansions of solutions to the latter system. We note that ¢f — 3 is
separable in ¢; and that the solutions for ¢; begin with +,/3 + O(z). Then @3 — 522 ¢,
is separable in ¢, for each solution ¢4, so the system admits the following solutions:

Q1 = \/§+O(z) P2 = ,/5\/§Z+O(zz)

g1 = 3+0(2) @2 = —532+0(z?%)
¢1 = —\3+0() P2 = ,[5J§iz+0(zz)
91 = —3+0(2) @2 = —/53iz+0(z?%

After the change of variable ¢, =z ¢, these solutions are regular roots of the following
map modulo O(z):

2§2— (p1—3) )
P3-5¢1
By means of the Newton iteration, these roots may be lifted efficiently to any required

precision, and so may the corresponding solutions of P.
The variables ¢ and ¢, are called contact coordinates. Note that

P=(¢p?-3)2+0(z?),

(p1,92) = (

so the germ of the curve defined by ¢f — 3 =0 approximates the one defined by P =0.
From a geometric point of view, the two germs are “in contact”.

Informally speaking, the Newton polygon of equation (2.4) in ¢; has a single edge
of vertices (0,2) and (2,0), with associated Newton polynomial q)% —5z22 @1, whence
v(@2) =1. The precise meaning of this “generalized Newton polygon” will be the pur-
pose of section 7. Since the polynomial (¢,/z)*—5 @ is separable in ¢,/z, we consider
the polynomial @3 —5z%¢; to be “solved”.

Working with contact coordinates is a little bit tricky, since ¢, and ¢, are related by
the equation @, = @i — 3. Basic arithmetic operations and the Newton polygon method
therefore have to be adapted with care. It turns out that “contact calculus” with respect to
contact coordinates has a double flavor. At small orders 7 in z, it boils down to working
in towers of algebraic extensions of Q[[z]]/(z"). At large orders in z, we may convert
between polynomials in Q[[z]][x] and Q[[z]][¢1, @21/ (2 — go% +3) through the mech-
anism of (x2 —3)-adic expansions.

In this paper, we have chosen to do most actual computations in Q[[z]][x], since fast
algorithms for basic arithmetic operations in this ring are well known. However, conver-
sions between the “plain coordinates” (z,x) and the “contact coordinates” (z, @1, ¢2) incur
some precision loss. Fortunately, this precision loss can be controlled for the applica-
tions in this paper. Of course, it would be interesting to design a genuine fast arithmetic
for contact coordinates without precision loss.

2.4. Towards general contact coordinates

Example (2.3) has several variants that motivate the general definition of contact coor-
dinates in the next section. First of all, consider the equation

P(z,x) = (x =102 ) =6 (x—12)? =522 (x === ) +9=0. (2.5)
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In that case, the contact coordinates would rather be ¢;=x — 1; and ¢, =@ —3.

This illustrates that we do not systematically take ¢ =x, although we always do have
p1—x€K[[z]] when working over K.
Let us next consider the equation

P(z,x):=((x*—=3)2=522x)3 4+ 27 x=0. (2.6)

In this case, we start with the same contact coordinates ¢ =x and ¢, = @7 —3 as for (2.3),
but also need to introduce a third one @3 = @3 — 522 ¢y, subject to v(¢3) >2. In general, we
may need to introduce as many as [log d,/log 2] contact coordinates.

Yet another variant of (2.3) is the equation

P(z,x)=x*—6x2+9—-22=0 (2.7)

We again use the same contact coordinates ¢ =x and @, = @f —3 as for (2.3), but this
time P(z,x) rewrites into (p% — 22, that can be factored:

@3 —2%= (¢2+2) (P2 —2).

In general, these types of factorizations can be expensive to compute with respect to the
original coordinates and become more transparent for the contact coordinates.

2.5. Tschirnhaus transforms and approximate roots

Let us first consider the equation

2 1 100 _
1_Zx+(1_z)2—z =0. (2.8)

P(z,x) =x2—

When solving this equation using the usual Newton polygon method, we find that there
is a single slope v(¢1) =0, with ¢ =x, for which the associated Newton polynomial q)% -
2¢1+1 has a single root « =1 of multiplicity 2. This means that the leading terms of the
Puiseux expansions are 1 and that the remaining terms can be found by performing the
change of variable x =1+ X and solving the resulting equation for x:

2
2 2Z . Z 100

X —1_Zx+<1_z)2— =0.

In a similar way, we find the leading term z of ¥, which has again multiplicity 2. We have
to go on like this for 50 steps until reaching the equation

50 100
2z .z 100 _

T T a2

A

At this point there are two possible dominant terms for ¥ (namely 2z and 251), each of
multiplicity one, and we consider that we essentially solved the equation (more terms
can be obtained efficiently using Newton's method).

From the complexity point of view, the problem is that we need to recompute a new
equation at every step where we discover one more term of the expansion, which is quite
expensive. A well known trick to replace the 50 steps by a single one is to compute the
solution ¢ =z/ (1 —z) to the derivative of the equation, that is

2z

26-72=0
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and directly set x = + X instead of x=1+X. The new equation in ¥ then becomes

22 _ ZlOO — O,

after which the resolution process directly splits into two branches ¥ =z and &= —z*.

In general, for a d-fold leading term, we need to consider a solution ¢ to the (d —1)-
fold derivative of the equation. In that case, the change of variables x=¢ + ¥ is called a
Tschirnhaus transform.

For general contact coordinates, things become more technical, but similar strategies
apply. In general, if A is a ring with unity, if f is a monic polynomial of degree 4 in A[x],
if m divides d, and if m is invertible in A, then there exists a unique monic polynomial
g€ A[x] of degree d /m such that f — ¢" has degree <d —d/m; see section 8.3. The poly-
nomial g is called the m-th approximate root of f. If m=d, then the d-th approximate root
g=x—_ € A[x] corresponds to the Tschirnhaus transform x =¢ +X. In general, the g-adic
expansion of f writes as g" +uy,—1¢™ ' + - -+ +u3 g + up where the u; are polynomials in
A[x] of degree <deg g=d/m, so g is the m-th approximate root of f if and only if u,,_1=0.

2.6. Central shifts

Let us now consider yet another type of equation with an almost d-fold multiple solution
Pz,x)i=(x—1) (x=1=2)++- (x=1—z—---—2z% 1y =0. (2.9)

When solving the equation naively with the Newton polygon method, we obtain a d-fold
branch x=1+ O(z) at the first step, a single branch x=1+ O(z%) and a (d — 1)-fold branch
x=1+z+ O(z?) at the second step, a single branch x =142z + O(z®%) and a (d — 2)-fold
branch x=1+z + z% + O(z%) at the third step, and so on. From the complexity point of
view, factoring out a single branch at every step leads to a cost

Od+@d-1D+@=2)+---+1)=0(d?

as a function of d, which is not quasi-linear in d.

Using Tschirnhaus transforms is not really of any help. For instance, the (4 —1)-fold
derivative of the equation yields

AE— (@@= d+@d-1)z+---+29 1) =0,

with solution {=1+ (1 —1/;)z+ - --. After the change of variable x = ¢ + %, we still obtain
one single branch and one (d —1)-fold branch.

What really helps in this situation is a way to determine the series
§:1+z+---+zd_1. (2.10)

This series has the property that, after the change of variable x = ¢ + X, we obtain the
equivalent equation

Ftz4-+20 ) F+22 442D @FH2H E=0,

whose Newton polygon has d —1 edges. In particular, the resolution process now branches
into d distinct parts of multiplicity one.
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Computing the series (2.10) is equivalent to “solving” P. But instead of peeling off
factors of degree one from the left-hand side of (2.9), we rather compute ¢ with precision
about d/2 in a recursive manner. This allows to factor P as the product of two polyno-
mials of degree close to /2, and to repeat this process in a recursive manner. Series
such as (2.10) will be called central shifts. For a general polynomial equation P(z,x) =0,
even within contact coordinates, the central shift will allow us to guarantee a suitably
balanced factorization P =A B for which A and B can recursively be factored with good
complexity.

3. CONTACT CALCULUS

This section formalizes the concept of contact towers. The effective ground field is
written K and the contact coordinates will be denoted by ¢y, ..., ¢;.

3.1. Weighted valuations

We endow K[[z, ¢1,...,¢:]] with the weighted valuation, simply written “val”, defined
by valz=1and val p;=7,€Q fori=1,...,t. With
I,=N+7N+---+mN,

this valuation induces a grading

K[[Zlgoll"'/q)i’]] = @ K[[L@lrnw?t]]a

eel}

where K[[z,¢1,...,¢t]]. is the set of polynomials made only of terms of valuation e; notice
that K[[z,¢1,...,¢:]]Jo=K. When no confusion is possible, we drop “weighted”.

Let R¢ be the least common multiple of the denominators of 4, ...,7: Then, the Chi-
nese remainder theorem implies the following identity for the group completion I} of T:

t
_ 1
L=Z+) Zyi=Z -
i=1

The integer R; is called the ramification index of the valuation.

3.2. Contact towers

The following definition is central for the rest of this paper.

DEFINITION 3.1. A contact tower of height t consists of:
e Variables ¢, ..., ¢, called contact coordinates;
o Defining polynomials ®;€ K[[z]1[¢@1,...,¢i] fori=1,...,t;
e Rational numbers 1, ..., called weights.
These data are required to satisfy the following properties:
o ®;is monic in ¢; of degree d; >1;
° deg¢j®i<d]»,fori:2,...,ttmdj:1,...,i—1;
o 1120andd;y; 21 fori=2,...,t;
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o Weendow K[[z,¢1,...,¢¢]] with the weighted valuation defined by valz=1 and val ¢;="y;
fori=1,...,t. We demand that:
o val®;=d;y,, fori=1,...,t;
o Yiy1>diy, fori=1,...,t—1
The tower is said to be reduced when d; =2 fori=2,...,t. Unless explicitly stated, the towers in
this paper will be almost reduced in the sense that d;>2 fori=2,...,t—1.

The weights 74, ...,7: will also be called the contact slopes, in reference to the slopes
of the corresponding Newton polygons; see section 7.3. When a contact tower is almost
reduced then t =O(log(d; - - - d)) holds. The degree of the tower is d; - - - d;.

Example 3.2. t=1, ;= go% —3, 71=0 form a contact tower of height 1.

Example 3.3. Consider the example (2.6). It turns out that t =2, ®; =¢{ -3 and &, =
go% —522 @1 form a contact tower with contact slopes 1 =0, 72 =1. Here we got 1 and 7,
from 291 = Val(go%) =val(-3)=0and 2y, = Val(q)%) =val(5z2 p1)=2.

We introduce another independent variable ¢;,1 of weight 7;.1 and subject to the
constraint ;.1 >d;y;. We also define the ideal

It:: <¢1_§02/‘ . ~/q)t—1—4)t/q)t_4)t+l) g K[[Zl¢ll' . '/¢t+l]]/

and the corresponding quotient ring

St::K[[Z,@l,.--,@t.{.]]]/lt.

3.3. Canonical representation

In the following paragraphs, we show that S; is effective for computations with finite
truncation orders in z and ¢ ;. For this, we adopt the point of view of standard bases,
while doing the proofs from scratch for completeness. We recall that the lexicographic
ordering <jex on N" is defined as follows:

(a,...,an) <tex(by,...,by) = 3j€{1,...,n} such thatay=by,...,a;_1=b;_1,a;<b;.
We also introduce a total ordering < with
Z2L P <P1<-- < ;<1
on the group zN @} - - @l 1:= {(z%9f' - - 9f'] sep, ..., 111 EN) by

209t it 2P o[t i
L —t
eoteryit ey <fot+ fivit+ e+ fry1vian or
{€0+€1’71+"'+€t+17t+1=f0+f171+"'+ft+1%+1 and
(Et,...,€1,€t+1,€0) >lex (ft/"'/fllft+l/f0)-

The ordering < is a monomial ordering in the sense that

f fre1

€t+1 1
1 Pr

2095 g <zf0g
implies

eo+g0 .€1+81 Cr1+8t+1 0+90 . f1+81 frr1+gi
080 T <RI ol
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for all (go,...,8t+1) € N*2, The leading monomial Im P of P K[[z, ¢1,..., ps4+1]] with
respect to this ordering is defined to be the largest monomial with a non-zero coefficient
in P. The set of monomials spanned by the leading monomials of the elements of an
ideal I is written Im I. Note that zV (plN .- gotNH Im I Clm I. With the terminology of [28],
the ordering < is called a negative weighted degree lexicographic local ordering.

A standard basis of an ideal I C K[[z, ¢1,..., ¢;+1]] with respect to the monomial
ordering < is a set of generators g, ...,gs such that the leading monomial of any poly-
nomial in I is a multiple of the leading monomial of at least one of the g;. In other words,
Im I is generated by Im gy,...,Im g;. A standard basis is said to be reduced whenever
none of the non-leading monomials in the g; belong to Im I.

For the completeness, we now prove two well known lemmas from the theory of
standard bases.

LEMMA 3.4. in(Py),...,in(Py) is a reduced standard basis of (in(Py),...,in(Py)) for <.

Proof. Since ®y,..., ®; are independent of ¢;.1, it suffices to prove the lemma in K[[z,
@1,--.,9¢]]. According to the assumptions, in(®;) = [D;]4,,, is monic of degree d; in ¢;,
and deg(f,], ®;<djforalli=1,...,tand j=1,...,i—1. Therefore,

Im@in(®;)) =Im &; = ;"

fori=1,...,t. The lemma follows from general standard basis theory since the leading
monomials of the in(®;) share no variable. For completeness, we give a dedicated proof.

Let us prove by induction on i > 1 that in(®y), ...,in(P;) is a standard basis for the
ideal (in(®y),...,in(P;)) in K[[z, ¢1,...,¢;]]. This clearly holds for i=1. Let us assume
that the induction hypothesis holds for some i >1 and consider H € (in(®y),...,in(P;)).
If deg,, H >d;, then Im H is a multiple of Im ®;. Otherwise, we write

H(z,¢1,...,9) =Ho(z, @1,..,0i-1) +Hi1(Z, @1, ..., @i1) @i+ - + He(z, 91, ..., pi_1) @F,
with k<d; and Hy# 0. Then

0 = Hmod (in(®1),...,in(P,))
= Homod (in(®),...,in(P;_1)) +--- + (Hymod (in(Py),...,in(P;_1))) gof‘,

so Hj belongs to the ideal (in(®y),...,in(P;_1)) of K[[z, ¢1,...,pi—1]]. By the induction
hypothesis, Im Hy is a multiple of q)]‘-ij for some j <i, whence so is Im H. It follows that
in(®y),...,in(Py) is a standard basis. The fact that it is reduced is clear from degree
considerations. O

For k<1, we define
Ski=(,...,0,—9,0,...,0,P0,...,0)
where —®; stands at position k and ®; at position . Note that the dot product

Sk (Py,...,Py) is identically zero. For G:=(Gy, ...,Gy), the initial form of G, still written
in(G), is defined as (in(G1),...,in(Gy)).

LEMMA 3.5. If H1in(P1) + - - - + Hyin(P;) =0 for homogeneous Hy, ..., Hy€ K[ [z, ¢1,..., 1],
then
(Hy,...,Hpe Y Kllzey,...,p11in(Sk). (3.1)

1<k<ItE



18 APPROXIMATE CONTACT FACTORIZATION OF GERMS OF PLANE CURVES

Proof. We prove the lemma by induction on t. For t =0, we have nothing to prove, so
assume that t > 1. Extracting homogeneous components, we may assume without loss of
generality that

val(H;in(®;)) :Val(Hjin(CIDj))
whenever H;#0 and H;#0. By the induction hypothesis, we may also assume that H; #0.
Long division of H; by in(®1),...,in(P;_1) yields
Hy=Qq1in(®1) + -+ + Qp—1in(P;_1) +R
for homogeneous polynomials Q1,...,Qt-1, REK[[z, ¢1,..., ¢:]] with deg,, R <d;, for
i=1,...,t—1.

Reducing the relation Hyin(®q) + - - - + H;in(P;) =0 modulo (in(Py),...,in(P;_1)),
we obtain

Rin(®;) =0mod (in(P),...,in(P;_1)).

Since ®; is monic in ¢, it follows that R=0mod (in(Py),...,in(P_1)), and thus that R=0.
Consequently, we obtain

(Hy,...,Hy) =(Hy,...,Hi—1,Q1in(P1) + - - - + Q—1in(Ds_1)),
which implies
(Hy,...,Hi—1,0) == (Hi+Qqin(®y), ..., Hi—1+ Qi—1in(Py),0)
= (Hy,...,Hp) —Q1in(S1,¢) — - -+ — Qp—1in(S¢_1,0).
Leti=1,...,t—1. If Q;=0, then H;=H;is homogeneous. Otherwise, we have
val(Q;in(®;)) = valH;—val ®;+ val o,

= val(H;®,) —val &,

= Val(Hl‘(Di)—Val (I)l‘

= val H;,

so H; is also homogeneous. Each H; can be expanded with respect to ¢;:
Hz’ = Z Hz’,qug,
jZ0
with FL',]' eKI[[z ¢1,...,9:-1]]. Then we have
0 = (Z Hlqu){) in(®)+---+ (Z Ht_1,j§01) in(®P;_q)

j>0 j>0

Y (Hyjin(®) + -+ Hyoy jin(@-1) @,

j20

which implies I:IL]»in(Cbl) +-- +I:It_1,]- in(®;_1) =0 for all j>0. We conclude by applying
the induction hypothesis. O

LEMMA 3.6. If Hyin(®) + -+ + Hyin(Py) =0 holds with H; homogeneous in K[ [z, ¢1,..., pr+11],
then there exist G,...,Gyin K[[z,@1,...,@i+1]1] such that Gy (P1—@2) + - + G (P — ¢141) =0
and in(G;) =H; fori=1,...,t.

Proof. We expand each H; with respect to the variable ¢ 1:

H;= Z Hi,j(P{.:,.l/ where Hi,]‘E K[[z, P1,-- .,(pt]].

>0
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Forall j>0, we get
Hyjin(®1) + -+ + Hp jin(Py) =0,

so Lemma 3.5 ensures the existence of homogeneous polynomials Q,{(] ,} inK[[z,¢1,...,¢:]]
such that

(Hyjp-. Hip= Y Qdlin(Sk.

1<k<It

Letting Qy ;:= Z]'20 ngl} go{H, we deduce that
(Hy...,H)= ) Quin(Sky).

1<k<It
Since the H; are homogeneous, up to replacing the Qx; by their homogeneous compo-
nents of suitable valuation, we may assume that
o the Qi are homogeneous,
e val Hy=val(Qx;in(P;)) holds for all k </ with Hx#0 and Qx;+#0,
e val Hy=val(Q,in(P)) holds for all k<l with H;#0 and Qx;+#0.

For k<1, we introduce the vectors
Sk,l = (0/ .. -/0/ _(®l_ ¢l+1)101 .. '/0/ q)k_ ¢k+1/0/ .. -/0)/

\ivhere —(P;— ¢141) stands at position k and Py — ¢k at position /, so the dot product
Sk (P1—@o, ..., Pi— @r41) is identically zero. We set

Gy, G= Y QuiSk

1<k<It

Using the fact that ;1 =val ;1> val ®;=d;;, we conclude that

in(Gl/~~~/Gt):in( Z Qk,lgk,l): Z Qi in(Sk) = (Hy, ..., Hy). O

1<k<ISE 1<k<ISE
LEMMA 3.7. We have in(I;) = (in(®), ...,in(Py)).

Proof. Let P €1}, so there exist Py,...,Pr€ K[[z,¢1,..., ¢t+1]] with
P=P1(®1—@2)+ -+ P (Pt — @t11).

We repeat the following operations:
1. Let 7:=min (val P;+val ®;:i=1,...,t). Since val ;1 >val ®;=d;7;, we always have
n<valP. If y=val P, then we obtain a relation
in(P) =) in(P;)in(P;)
ied
where § is the non-empty subset of indices i such that val P;=#—d;<;, so we are done.
2. Otherwise # <val P, hence ) ies IN(P;) in(®P;) =0. The latter relation can be lifted to
2521 G (®;— @i+1) =0 with in(G;) =in(P;) fori=1,...,t, by Lemma 3.6.
3. Replace the vector (Py,...,P;) by (Py,...,Pr) —(Gy,...,Gy), and go to step 1.
Thanks again to the assumption val ¢; 1 >val ®;=d;7;, the relation P=P; (®1—¢@2) +--- +

Py (®;— ¢¢41) holds after each iteration. Furthermore, the value of 7 strictly increases, so
the process converges. We conclude that in(P) € (in(®y), ...,in(Py)). i
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PROPOSITION 3.8. @1 — @y, ..., Py — @441 is a standard basis of I; for <. It is reduced whenever
the contact tower is reduced.

Proof. Assume that P+ 0 belongs to I;. Then Im P=Im(in(P)), so Lemma 3.7 implies that
Im ®; =Im@{n(P;)) |Im P for some i. O

From Proposition 3.8, we know that an element a of S; can be uniquely represented
by a polynomial A(@y, ..., ¢i+1) EK[[z, ¢r4111[@1, ..., ¢:] of partial degree <d; in ¢; for
i=1,...,t. We call A the canonical representative of a.

We introduce contact towers as a tool for the local resolution of polynomial equa-
tions. For this, we will often reduce to the case when all the roots of the polynomial are
in the local region of interest. Such polynomials are said to be “clustered”:

DEFINITION 3.9. An element a in S is a clustered polynomial if its canonical representative
is monic in @;11 of degree 121 and if v(a) =141

Example 3.10. For the contact tower of Definition 3.1, the polynomial ®; is a clustered
polynomial regarded in S; fori=1,...,s.

3.4. Arithmetic in contact towers

The theory of standard bases comes with algorithms to compute modulo ideals given by
standard bases. We now detail how to perform such computations in the case of S;.

Additions, subtractions and scalar multiplications are straightforward, but other oper-
ations require an appropriate treatment of “carries” within ®;-adic expansions. For the
contact coordinates of Example 3.3, let us briefly illustrate how carries occur during mul-
tiplications.

Example 3.11. In Example 3.3 the polynomials ®; = ¢ —3 and ®; = 93— 5z ¢; form a
contact tower with contact slopes 71 =0, y2=1.
Let us first illustrate the computation of a product modulo I5:

a:=(@3+ @192) (193—3z@2+ ¢1) mod I».
Doing a direct polynomial multiplication, we obtain

a=@193+ (@1 P2—32¢2+ 1) p3—32 9193+ @iy mod I,

which is not in canonical representation since the degrees in ¢ and ¢; are too high. We
thus have to rewrite

P2 pr=(92+3) pymod I, = g3+ 3 ¢+ 52% ¢y mod I
and

P193=0193+522 9T mod I = @1 @3+ 522 ¢+ 1522 mod .

At the end, this leads to the following canonical representation for 2 modulo I5:

a=(p1+1) g0§+ ((3=3z) g2+ (1—3z+522)q)1+1)g03+ (3+1523) g02+5224)1+4523mod12.

The canonical representative A of an element a in S; can uniquely be written as

A= Z Ai(q)l/- . -;@t) §0£+1I

i=0
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where A; € K[[z]][¢1, ..., ;] satisfies degq,in <d,forj=1,...,t. Similarly, the canonical
representative B of another element b € S; can be written as
B= Z Bi(@1,..., 1) Piy1.
>0

Now assume that B; =0 for sufficiently large values of i. Then we may regard b as a uni-
variate polynomial in ¢;,1: the “degree of b in ¢;,1”, written deg,,,, b, is defined as the
largest integer n such that B, #0. We say that b is “monic of degree n in ¢;1” when B, =1
and B; =0 for i >n.

Now we ask whether we can define and compute a generalized Euclidean division of
a by b. The answer is “yes” under suitable assumptions. More generally, the following
lemma shows that there exists a unique b-adic expansion of a.

LEMMA 3.12. With the above notation let us assume that b is clustered at P; and has degree n >1
in @11. Then, there exist unique elements q; in Py satisfying

a:Z q;b',

and such that deg,,,, q;<n forall i>0. 20

Proof. This lemma is a reformulation of what we have already proved with contact coor-
dinates. In fact, it suffices to increase the height of the tower by one, to set

n
Dypq:= Z Bi(p1,..., 1) §0§+1,
i=0

dt+1:=n,and to assign any weight ;42 >d;117:+1 to the new variable ¢; 5. Therefore, the
canonical representative of the image of 2 in Sy, is given by

a= Z Ei(§01/ .. -,§0t+1) ¢£+2/
i>0
where degq,j E;<d;for j=1,...,t +1. Consequently the above b-adic expansion of a exists

with g;:=Ei(@1, ..., @i41)-
As for uniqueness, let the g; be as in the statement of the lemma, and let us write them

7i=Qi(P1,-- -, Pr+1)
with deg,,,, Qi <d;;1. The Q; must satisfy
Z Ai(q)ll .. ~/§0t) (Pg+1 - Z Qi(?l/ .. -/¢t+l) q>;+1(§0l/ .. -/§0t) EIt,

that implies 20 20

Z AiP1,.- o, P) Phy1— Z Qi(@1, -, Pr41) Ps2 ELp1 =T+ (Ppy1— Pr42).

i>0 i>0

It follows that the Q; do exist and are uniquely determined by the canonical representa-
tive of 2 in S;41. O

DEFINITION 3.13. With the notation of Lemma 3.12, 3", q:b"~1 and qq are respectively called
the quotient and remainder of the Euclidean division of a by b, and are written 3, gib' =
aquoband go=aremb.

Example 3.14. With the contact coordinates of Example 3.11, take
a:= @y @3 and b:= @3 — @o.
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We have

= 4)2b+q)% mod I,
@2b+ @3+ 5z @i mod I,

= <§02+1)b+§02+522(pl mod I».

S
|

Therefore the division of a by b writes a=gb+r with g:= ¢+ 1 and r:= g2+ 52 @;.

3.5. Plain coordinates

In what follows, we will restrict ourselves to computations with “polynomials” in

Pi=K[[z]1[@1, ..., @t+11/1}

instead of “series” in S;. Elements a in IP; can be represented canonically by polynomials
A(p1, ..., ¢41) EK[[z]1[@1, ..., ¢r41] of partial degrees <d; in ¢; fori=1,...,t. In order
to alleviate terminology, we call elements in P; contact polynomials, in which case we
always assume that a is represented canonically as a polynomial ¢; @}, + - - +co in @s41
with ¢y, ..., c;€ P;_1; we will also call this the contact representation. At the same time, we
will keep the terminology of “canonical representatives” whenever we need to carefully
distinguish between a and its actual polynomial representative A.

By what precedes, we may recursively expand elements in IP; with respect to ¢;1,
@t,..., until ¢1. However, from a computational point of view such recursive ®-adic expan-
sions are expensive. Indeed such expansions are reminiscent of computations modulo tri-
angular sets, so it would be interesting to examine whether the algorithms of [45] could
be adapted or not. In this subsection we follow another direction that leads to efficient
algorithms. The key idea is to rewrite elements in P, with respect to the plain coordi-
nates z and x. For this purpose, we introduce the following polynomials:

Yo(x) := x,
IFi(-x) = q)i(\FO(x)/"'IIFi—l(x))/ l:]-//t

Note that ¥; is monic of degree d; - - - d;. The change of representation is presented in the
following lemma:

LEMMA 3.15. The following map is a K[[z]]-algebra isomorphism:
M P, = K[[z]][x] (3.2)
piy1 — Yi(x) fori=0,...,t.

Proof. We introduce the following auxiliary evaluation morphism over K[[z]]:
e K[z1[@1,..., 9] — K[[2]][x]
Piy1 — ‘{’i(x) fori= 0, ...t

Fori=1,...,t, we have
T Di(@1, ..., ¢1) — @iy1) = Pi(Fo(x), ¥1(x), ..., ¥i_1(x)) — ¥i(x) =0,

so ®i(¢1,...,9i) — i1 Eker I1; and I1; is well defined.

Let us prove by induction on t that I'l; is bijective. This is clear when t =0, so assume
thatt>1. Let Pe K[[z]][x] be of degree <Id for some integer [ >0. The ¥;-adic expansion
of P yields a polynomial

Qi(x, Wi11) = Qro(X) + - -+ + Q1 -1 (0) Yl € K[[2]1[X, ¢r41]
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such that Qt(x Yi(x)) =P(x) and Q;, € K[[z]][x]<q fori=0,...,I — 1. Next we recursively
compute Qtl(q)l, o) =140 1(Qtl) fori=0,...,I—1. This yields

13(4)1/ .. -/¢t+1) = Qt,O(§01/ .. -,§0t) +- 4+ Qt,l—l(q)l/ .. -;@t) 4)51%
with P=TI1,(P). This proves that I1; is surjective.

Now let P € ker Ht be non-zero. Since degx(Ht(p)) >dy---didegy,,, P, we must have
degy,., P<0, that is P eker IT;_;. The induction hypothesis implies that P=0. i

3.6. Conversion costs

As seen in the proof of Lemma 3.15, the isomorphism I1; corresponds to a cascade of
®;-adic expansions for i=1,...,t. We begin with recalling known costs for univariate
expansions over an effective ring A.

LEMMA 3.16. Let f € A[x]<, and let g€ A[x] be monic of degree d. The g-adic expansion of f
can be computed using O(M(n)log([n/d1+1)) operations in A.

Proof. Without loss of generality, we may assume that n =2*d for some integer k> 0.
We compute gz, g4, e, gzk_l using O(M(n)) operations in A. We divide f by ng_l, so f=
fo+f1 gzkf1 with deg fo<2¥~1d and deg f; <2¥~1d. Then we compute the g-adic expansion
of fopand fj in a recursive manner so the expansion of f is obtained by merging those of
foand fi. The depth of the recursive calls is k=O(log([n/d]+1)). The sum of the costs
of the operations at depth [ is O(M(n)), whence the claimed bound. O

LEMMA 3.17. Let fy, ..., fi be polynomials in A[x]4and let g be a monic polynomial of degree d
in A[x]. Then, fo+ f1g+--- +f1_1gl_1 can be computed using O(M(n)log([n/d]1+1)) oper-
ations in A, where n:=dl.

Proof. Wlthout loss of generality, we may assume that [ =2 for some integer k >0. We
compute g g eeey g B w1th O(M(n)) operations in K. In a recursive manner we compute
Fo:=fo+ f1ig+-- +f1/2_1gl/2 I and Fi:=fip+ fips18+ - +f1_1gl/2 1 and finally we
compute Fp+ gl/ 2F; with O(M(n)) operations in A. The rest of the Complexity analysis
follows as in the proof of Lemma 3.16. |

Remark 3.18. When univariate polynomial multiplication is done using FFT techniques,
we note that it is possible to save a factor log log 7 in Lemmas 3.16 and 3.17; see [40].

PROPOSITION 3.19. Let d:=d; - - - dy, and write n =d 1. One evaluation of I1; modulo O(z") at
an element of degree <l in ¢;1 (for the canonical representation), and one evaluation of T1; !
modulo O(z") at a polynomial of degree <n in x, both take O(M(n T) log n) operations in K.

Proof. Let P € K[[z]][x] be of degree <n. Its ¥;-adic expansion takes O(M(n 7) log )
operations in K by Lemma 3.16. Then, we perform [ =#/d calls to I1;_; in degree <d. A
straightforward induction gives a total complexity bound

OMnT)logl+IM(dt)logd;+1d;M((d/dy) T)logdi—1+---
+1lds---dsM(d1d> T) IOgdZ)
= O(M(nt)logn).

The backward conversion makes use of Lemma 3.17, and the complexity analysis is sim-
ilar. a



24 APPROXIMATE CONTACT FACTORIZATION OF GERMS OF PLANE CURVES

PROPOSITION 3.20. Let d:=d; ---dy, and let a and b be two contact polynomials in P; of degree <I
in @41 and given with precision O(z*). Then, the product ab can be computed modulo O(z")
with O(M(n ) log n) operations in K, where n:=1d.

Proof. The product is computed via the following formula:

ab=TI; (T1;(a) T1;(b)) + O(z").

By Proposition 3.19 the cost of the conversions amounts to O(M(n 7) log n). Multiplying
I1;(a) and ITi(b) modulo O(z") incurs O(M(n1)). O

For actual machine computations, we only work with truncated power series. The
decision of whether it is more efficient to use contact representations or the plain repre-
sentations in K[[z]][x] depends on the truncation order. For sufficiently small orders,
the “carries” can be neglected, which makes it more efficient to conduct computations
directly in the contact representation. For large orders, and thus for asymptotic com-
plexity analyses, the overhead of the conversions using isomorphism (3.2) becomes
small, and it is more efficient to perform arithmetic operations in K[[z]][x]. Until the
end of the paper we perform most of the computations directly in K[[z]][x], and thereby
minimize the number of conversions.

The isomorphism (3.2) also allows for efficient Euclidean divisions in P; with respect
to ¢¢4+1, in the sense of Lemma 3.12. In fact, let 2 and b be as in the lemma, and compute
the division of I1;(a) by IT:(b):

[T(a) = QTL(b) +R,
where deg R <deg(I1:(b)) =d; - --din. The degree in ¢;1 of the canonical representative
of II71(R) is therefore <n. It follows that IT; '(R) equals the remainder r = gq¢ of Defi-
nition 3.13. Since both a and b have finite degree in ¢;.1, we note that this also yields

an easier way to define the division in comparison to Lemma 3.12. In particular, the
assumption that val B=n;,1 is not needed.

PROPOSITION 3.21. Let d:=d; ---dy, and let a and b be two contact polynomials in P; of degree <I
in @41, and given with precision O(z"). If b is monic in @41, then the division of a by b can be
computed modulo O(z*) with O(M(n ) log n) operations in K, where n:=1d.

Proof. The division 2 =qb +r is computed as above via

ITi(a) =11,(q) I1,(b) +I14(r).

By Proposition 3.19 the conversions take O(M(n 7)log n). Dividing I1;(a) by I'1;(b) modulo
O(z") incurs O(M((n 1)). O

3.7. Semi-valuations in contact towers

Recall that I'; ;1 represents the valuation semi-group of the contact tower
Li1:=N+Ny 4+ + Ny

PROPOSITION 3.22. Let ¢; stand for the image of ¢;in S;. The valuation v:K[[z]] - N U {oo}

extends to a semi-valuation S;— Iy U {co} with v(@;) =" fori=1,...,t+1, and such that S,
inherits the weighted grading of K[[z,¢1,...,@r+1]].
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Proof. For a € S; of canonical representative A, we set
v(a):=val A.

We need to verify that v actually defines a semi-valuation in S;.

If b is another element of S; of canonical representative B, then it is straightforward to
verify that v(a + b) > min (v(a),v(b)). As for the product, we compute the long division
by the standard basis thanks to Proposition 3.8:

AB=Q1(®P1—¢2) + - + Qi (Pr—@i11) +R,

where R is the canonical representative of ab, so v(ab) =val R. The latter long division
begins with setting P:= A B and then it successively subtracts polynomials of the form
G=cz¢7" - i1 (®;— @i11) from P where i<t,c€K, ¢;€N, and Im P=1m G. Since the
monomials in G have valuation >val(Im G), it follows that

val(P—G) >min (val P,val G) =val P.

This shows that val R >val(A B). Since val(AB) =val A +val B, we deduce that v(ab) >
v(a) +v(b). O

We write val; A for the partial valuation in z of A€ K[[z,¢1,...,¢¢4+1]]. The valuation
in z of an element of P; will be the valuation in z of its canonical representative. In the
canonical representation, the degrees of the ¢; being bounded, the valuation in z of an
element in P; can be related to v(a) in terms of the ;. The following bounds will be useful
when converting between the canonical and plain representations.

LEMMA 3.23. Let a € S; be of canonical representative A(¢y, ..., ¢;) for some i<t+1. Then we
have

valA—7;(1+degy A) = v(a)—7;(1+degy A) < val; A < v(a) = valA.

Proof. Assume a# 0. There exists a monomial of the form z'a:4

y1=20and y;41>d;y; fori=1,...,t, we verify that

@1 -+ @i in A. Using

0 <v@—val,A < eyy1+---+ei
< -Dm+ =17+ +dic1—1)yi1+7idegy, A (3.3)
and then that
0 <v@—val,A < dim+ =17+ +@i-1—1)yi1+7ideg, A
< 2t =17+ +@di-1—1)7i-1+7:deg, A

dyy2+(dz3—=1) 73+ -+ (di_1—1)7i_1+7:degy, A
Y3+ ds—1)y3+---+(di_1— 1)’)’i—1+7idegq)iA

N

V/AN

Yi+7yidegy, A. |
The following lemma asserts that Il; preserves the valuation in z.

LEMMA 3.24. For all a € P; we have val,(I1;(a)) =val, a. For all A€ K[[z]][x] we have
val,(IT; ' (A)) =val, A.
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Proof. For any element a € P;, the inequality val,(Il;(a)) > val, a clearly holds. Con-
versely, for any A€ K[[z]][x], we have val,(IT; ' (A)) >val, A. Tt follows that

val(ITy(a)) > val, a=val (IT; ' (I1«(a))) > val.(ITx(a)),

whence the first assertion. The second assertion is a consequence of the fact that I1; is a
K[[z]]-isomorphism; see Lemma 3.15. O

The next lemma relates valuations and precisions of approximations of 4 and I'T;(a).

LEMMA 3.25. Let a and 17> 0 be rational numbers. For all a € P; we have
(IT4(a) 1agy = (T1e([adosat g+ 17e00) 1y Where I:=1+deg,,,, a.
Forall Ae K[[z]][x] we have
(15 (A) Loy = (7 ([A o) Ja

Proof. Lemmas 3.23 and 3.24 give us
v(a) =Ly <val(I1i(a)) <v(a). (3.4)

In particular, if v(a) > a + 7+ [7y;41 then val,(I1;(a)) > a + 1. As for the second assertion,
the inequalities (3.4) are equivalent to

val, A<o(IT7 Y (A)) <val, A+ 1741
In particular, if val, A > a + 77 then oI YA > a+ 1. O

Remark 3.26. Lemma 3.25 can be refined into

[Ht(a)]a;r] = [Ht([a]ﬂl;ﬁ+l’yt+1)]lx,‘ﬁl where l==1+degq)t+1a-
17 (A) gy = 7 ([Alemtypasiiess+) Jagyy Where :=1+deg,, . (I171(A)).

For simplicity we will not use this refinement in the sequel.

4. CONTACT HENSEL LIFTING

The usual Hensel lemma asserts that if a monic polynomial A € K[[z]][x] factors into
two monic coprime polynomials A1 and A, modulo z, then there exist unique monic poly-
nomials A1 and Az in K[[z]]1[x] such that A = A1 Az, A= A1 mod z, and A, = Az mod z.
In addition, A1 and A2 can be obtained with a softly linear cost in the output size.

A variant of Hensel lifting is the Weierstrafs preparation theorem, in which case A
and A; are no longer monic, but A, is invertible as a power series in x. We will generalize
these two kinds of lifting to the contact coordinate framework.

Throughout this section, 4, a3, ...,as are elements in P;, regarded informally as “poly-
nomials” in the main variable ¢;1. We will assume thata=a; ---a; holds for a “sufficient”
initial precision, and that a4, ...,a, are “pairwise coprime”. We want to lift a4,...,a; into
ai,...,dsso thata=4aj ---ds holds up to a required precision. The case when 4 is monic and

degq)tﬂ a= deg<Pr+1 (in(a))
corresponds to the multi-factor Hensel lifting. The case when s =2 and

degy,,,(in(a)) <deg,,,,a
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is called the Weierstraf$ normalization of a.

Let A€ K[[z]][@1,..., ¢t+1] be the canonical representative of a. We recall that
degy,,,a=deg,,,, A, val;a=val, A, and in(a) is the image of in(A) in P;. If b is a non-zero
element in P; that is monic in ¢;;1, then a rem b represents the remainder in the divi-
sion of a by b, as specified in Definition 3.13.

4.1. Normalized inverses

Let a be clustered (see Definition 3.9) at P; and of degree [ >1 in ¢;, ;. Given b & P; with
deg,,,, b<l, its inverse modulo 4, whenever it exists, belongs to z7°P; for some §EN. In
order to determine a bound for J, consider u € IP; satisfying

o deg,,  u<l,

o §:=v(u)+v(b) is an integer >0,

e Z’=ybrema.
Lemma 3.23 yields

val,uZo(u) —ly1=0—0v(b) —ly41.
If 6>0v(b) +17¢41, then setting 5:=[6—v(b) — Iv¢4+1] leads to
0(0) + 17141 —1< 6= 6<v(b) + 17141

So we may divide u by z% and subtract & from & in order to get a “simplified” modular
inverse u of b that satisfies

v(b) + 11— 1<0<0(b) + 19441 (4.1)

If 6<v(b) +19t41—1, so that 5:=[6—0v(b) — I7:+11<0, then multiplication of u by 270 also
reduces to the case when (4.1) holds. In general, this shows that modular inverses can
always be normalized in the sense of the following definition:

DEFINITION 4.1. Let a be clustered at P; of degree [ > 1 in @441, and let b € P, be of degree
<lin @i41. A normalized inverse of b modulo a with relative precision >0 is an element
u/z’ez ' Pywithu= (t]oquy;y Such that:

o deg,,  u<l,
o §:=v(u)+v(b) satisfies 6 =|v(b) +1y:+1] EN,
° z‘S:[ubrema](;m.

If n=min (I't41 \ {0}), then we say that 1 /2% is the normalized initial inverse of b modulo a.

The existence and the computation of such inverses are postponed in section 7.1. The
next definition concerns the special case when b belongs to PP;_;.

DEFINITION 4.2. Let be P; be of degree 0 in ;41 (b is in P;_1). A normalized initial inverse
of b is a homogeneous element u/z°€z~°P;_q such that:

e 0:=v(u)+v(b) satisfies 6=|v(b) +d;y:] EN,
e 2°=[ubl;

LEMMA 4.3. If be P;_1 has a normalized initial inverse, then it is unique and v(cb) =v(c) +v(b)
holds for all c € Py.
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Proof. We have v(cb) >v(c) +v(b). Definition 4.2 also yields
d+v(c)=v(cbu) =v(ch) +v(u)=v(ch)+6—v(b).
Concerning the uniqueness, if u’/z’ represents a normalized initial inverse of b then
v((u—u"Yb)>6
and therefore v(u—u') > 6 —v(b), whence u=1u'". O

LEMMA 4.4. If b has a normalized inverse modulo a with relative precision 11> 0, as in Defini-
tion 4.1, then it is unique and v((cb) rema) =v(crema) + v(b) holds for all c € P;.

Proof. We extend the contact tower with ®;,1:=a and apply Lemma 4.3 in order to obtain
the equality for the valuation. As for the uniqueness let u’/z° represent another nor-
malized inverse modulo a. We have v((u—u")b) >é+nand thusv(u—u") 26+n—v(b),
whence u=u". ]

4.2. Lifting modular inverses

We explain how to increase the relative precision of a normalized modular inverse, in
terms of the contact coordinates.

PROPOSITION 4.5. Let b,a,u € Py, €N and >0, be such that

o ais clustered at Py of degree [ 21 in @441,

o degb<],

e u/z°%is a normalized inverse of b modulo a with relative precision 1> 0.
Then, there exists a unique normalized modular inverse i / z° of b with relative precision 21 such
that [ﬁ]m,),.,7 =u. More precisely, with §:=v(u) +v(b) and

c:=u(z’—ub) rema,

we have val, c > 6 and

U=u+ [C]v(u)+25+17,';7/25-

Proof. Let ii represent an unknown in [P;]y) 4,y With degy,,, i1 <I, and which satisfies
[2°— (u+il) bremalsn, =0. (4.2)
This equation is equivalent to
[z —ubrem aloyyy=ibremalsy .y,
and, by Lemma 4.4, to
[ (2° —ub) rem alow) 44 gy = LHUDrem alowyss1yy

6 ~
[z°i rem a]v(u)+5+17;17

[Z(sﬁ]v(u)+5+f7;f7~

Hence
Z(Sﬁ = [C]v(u)+<5+17;17-
We have v(z’ —ub) > 5+ 1, and therefore v(c) 2v(u) + 0 + 1. Lemma 3.23 implies that

val,czo(u) +0+n—1y1=0—vb)+6+n—Iy1>0+n-1,
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so ¢ can actually be divided by z°. We conclude that i = c/z° is the unique solution
of (4.2), whence il = u + ii fulfills all requirements. m]

COROLLARY 4.6. Let a be clustered at Py of degree [ 21 in ¢y41. If b€ Pradmits an initial inverse
1/ z° modulo a, then there exists a unique u™ € Py such that in(u™) =u and z° =u~brema.

Proof. Thanks to repeated applications of Proposition 4.5 we can construct the initial
inverse of b modulo a with any finite relative precision. The existence of 1> follows from
the completeness of P;. O

The next corollary addresses the precision loss of the initial inverse of b modulo a
when a and b are truncated modulo O(z").

COROLLARY 4.7. Let a be clustered at P of degree [ > 1 in ¢¢41. If b€ Pradmits an initial inverse
u/z° modulo a, then u™ (as defined in Corollary 4.6) can be computed modulo O(z*=°) from the
truncations of a and b modulo O(z"), whenever T > 6.

Proof. Let
A= (@)oo, b=TI7 ([T 1o;0)
represent the truncations of of 2 and b modulo O(z"), and let 77 be the smallest element
of I} larger or equal to 7 +v(a) —v(u) — 4. ThanksAto repeated applications of Proposi-
tion 4.5 we can compute the initial inverse i /z° of b modulo 4 with relative precision 7.
Since § = |v(b) +[y11] =v(u) +v(b) and v(a) =171, we have v(a) Zv(u) and there-
fore #20. From

[z5—ﬁ15rem&]5,.,7=0,
we deduce that
[z°—fibremals, =0+ O(z").
It follows that [ (it —u ™) brema];;; =0+ O(z") and then that
[u™ ({1 —u™) bremalsiow);=0+0(z").

% we obtain that

[ = 1) 2°T 5400y =0+ O0(z"),

Using u™brema=z

hence
[0 — 1> oy =0+ O0(z"°).
Lemma 3.23 implies that
val (il —u®) Zmin (v(u) + n—v(a), T—9).
Thanks to the value taken for 7 it follows that

val,(1 —u®) >min (t+v(a) —v(u) —d+vu) —va), T—06) =179,

whence i=u® +O0z779). O

4.3. Weierstrafs normalization

We now turn to the Weierstrafl normalization of an element a € IP;. The following defin-
ition gathers the necessary technical conditions and data structures.
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DEFINITION 4.8. Let a € Py be of degree [ > 1 in ¢y1. A Weierstrafs context for a with relative
precision >0 consists of elements ay,a,11 in Prand 61 € N that satisfy the following properties:

Wi. ay is clustered at Py of degree Iy 2 1 in @141, a1=[a1]o(ay);n

Wy. deg,,,,(in(a2)) =0, v(a) =v(ay) +v(a2), a2=[a2]v(y);p

Wi, [a—a142]v);n=0,

Wa. u1/2°% represents the normalized inverse of a, with relative precision 1.

If n=min (I; \ {0}), then we say that a1,a,u1,61 is an initial Weierstraf§ context for a.

The Weierstraf lifting step summarizes as follows.

PROPOSITION 4.9. Let a € P, be monic of degree [ > 1 in @41 and let ay,a5,11,61 denote a Weier-
strafs context for a with relative precision 1>0. Then, there exists a unique Weierstraf§ context dy,
d, 111,01 for a with relative precision 21 such that [41]o(ay);p=a1, [A2)o(ay;y=a2, and [11]owy);y=
uq. More precisely, with

bi:=ujaremay,
we have val, by > 61 and
dr = a1+ [b1low@y+y+oum/ 2"
ay = [El quo ﬁl]v(ﬂz);Zﬂ'
Letting
C1:=U1 (Zél —Uuq ﬁz) rem ﬁl,
we also have val, c; > 61 and

. 1)
Uui=u1+ [Cl]v(u1)+51+’7?’7/z E

Proof. Consider the unknowns a1 € [Pt]y(a;) 44,y and @2 € [Pt]y(ay) + 4, Such that deg,, . 41 <
[{ and

[a]o@);2p = [(a1+4a1) (a2+a2) Jo@)2y = @102+ a1d2 + 3201 ] ()29
It follows that
[a rem a1]ya),0p = [@142 TEM A1]5(0) 24
Lemma 4.4 and the constraints on valuations and precisions equivalently yield

[urarem arlow voun+py = (418281 €M A1Jo(@) 4o+
(S ~
[z a1 rem a1]va) +6,—v(an) +131

51~

[Z 1ﬂ1]v(a)+51—v(a2)+77;11
(S ~

[Z lal]v(a1)+(51+17,';7/

whence

01

z%dy = [uraremay o) +6,+1n-

Then Lemma 3.23 gives
val;(ujaremay) Zv(ujarema) —liy1 20(@1) + 51+ y—v(a1) =61 +1.
This shows that 4 exists and is uniquely determined by
d1:=[u1arem al]v(u1>+51+,7;,7/z‘51.

The formula for 45 is straightforward and the one for ii; follows from Proposition 4.5. O
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COROLLARY 4.10. Let a € P; be monic of degree 1 > 1 in @41 and let aq,a, 1y, 61 denote an
initial Weierstrafs context for a. Then, there exist unique ai°,a3° € Py such that [a7° o) = a1,
(a3 1o(a,) = a2, and a=ai"ay". We call ai° (that is clustered at P;) the Weierstraf8 part of a.

Proof. This follows from Proposition 4.9 and the completeness of ;. i

COROLLARY 4.11. Let a € Py be monic of degree [ > 1 in @y1. If there exists an initial Weierstraf$
context ay,as,u1,61 for a, then ai” and a3” (as defined in Corollary 4.10) can be computed modulo
O(z™%) from the truncation of a modulo O(z").

Proof. We introduce the truncation d:=11;7 1([I—It(a)]O,T) of a modulo O(z%), and set 7
to the smallest element of I} larger or equal to T — é;. The quadruple a4, ay, uy, 61 is an
initial Weierstra8 context for 4. From Proposition 4.9 we know that we can compute the
Weierstraf3 context 4y, ay, ii1, 61 for 4 with relative precision 7, so that [4 — a1 a2]y();;=0
and

[a— ﬁlﬁZ]v(u);n =04+0(z").

According to Corollary 4.6 we may consider the modular inverse ii; of 4, modulo a7”, so
that i1 4, rem a° = z°1. Hence

[f1a—ayii aAZ]v(u)+v(u1);11 =0+0(z")
and

[Z(Slﬁl rem ﬂi)o]v(a)+v(ul);17 =0+0(z").
Lemma 3.23 implies that

val,(d1remai’) > min (v(a) +v(u1) —d1+14—11Yi41, T—01)

min (v(a) +v(u1) — (0(u1) +0(a2)) +17—I17Y41, T—061)
min (v(a) —v(az) +n—o(ay), T—901)
min (7, T — 61)

= T—(Sl.

Since 41 and a1” are monic of the same degree in ¢, 1 we deduce thatd; =a7" + OGE™™). o

4.4. Weierstrafi normalization via plain coordinates

The above formulas for the Weierstrafs lifting can be applied directly in P;, but for the
sake of efficiency it is worth using plain coordinates. As a technical complication, con-
versions between contact and plain coordinates result in precision loss. Fortunately, this
loss is sufficiently small so that it has no serious impact on the complexity of our top-level
factorization algorithm. In the following algorithm, the input and output polynomials
use plain coordinates. However, the relative precision 7, to be doubled during a lifting
step, refers to the contact coordinates.

Algorithm 4.1

Input. A contact tower of height t and degree d as above, a rational number 7>0. A
monic polynomial A€ K[[z]][x] modulo 0" @*+21) wherea:=11;1(A), and polyno-
mials A1, Ap, Uy in K[[z]][x] modulo O(z"@*). The elements a;:= [I1; ' (A;) To(t ' ¢y
fori=1,2, ui:= [H[l(UQ]v(H;](ul))W, and 67 form a Weierstraf$ context for a with rel-
ative precision 7, as in Definition 4.8.
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Output. Ay, Ay, Uy in K[[z]][x] modulo O(z*®@*?1), such that the elements d; :=
[Ht_l(Ai)]U(,}i);Zﬂ fori=1,2, ii;:= [Hfl(ﬁl)]v(umzﬁ, and J; form a Weierstrafs context
for a with relative precision 27 such that [a;]v(a,);; = [ai]o(y;; for i=1,2 and [1]ou,);y=
(11 ]oquy) ;-

1.Set T:=v(a) +21.

2. Compute By :=UjArem Ay in K[[z]]1/(z"+°") [x].

3. Compute A;:=B1/z% and A1:= A1+ A1 in K[[2]]/ (z7) [x].
4. Compute Ay:= A quo Ay in K[[2]]/ (z7)[x].

5. Compute Cy:= U (2% — Uy Ap) rem Ay in K[[z]]/ (") [x].
6. Compute U;:=Cq/z% and fll =Up+ U in K[[z]]/ (29 [x].
7. Return /All,/Alz, ﬁl.

PROPOSITION 4.12. Algorithm 4.1 is correct and takes
OM(ld (v(a) +1)))

operations in K, where |:= deg,,,, a.

Proof. The hypotheses of Proposition 4.9 are satisfied. We let
by:=ujarema; =117 1(By).
Lemma 3.25 implies
[b1lo;r+6=[T17 ([B1lose0) oo

We have seen in Proposition 4.9 that val, b; > §1, whence val, B; > §; by Lemma 3.24.
Consequently A is well defined. With the notation of Proposition 4.9 we verify that

A

a1 = [a1+b1/2 o0y +21
= [Ht_l(Al)]O;v(m)+277
= [Ht_l([Al]O,'v(a1)+217)]O;D(a1)+217
and
[T ([A2Jo) Tootan+2g = [T (LA quo Arlo;o) oo 2
[[a]o;r quo [A1]o;c]0;0az) +21

[ﬁZ]O;v(a2)+277-

By Proposition 4.9, properties Wi, W5, and W3 of Definition 4.8 thus hold for 41,4,, and
relative precision 2.
In a similar fashion we verify that

[c1]o;e+6, = TIFH(C) 1o;r+6, = I ([C1lo;r+60) Josrsanr
so we have
[1]0;0un) 420 = (1 + 117 (U1 Jogouny +2 = [+ T17 (CU10;0) oo +21-

By Proposition 4.5, property W4 holds. We are done with the correctness. The cost
analysis is obtained routinely by using 61 = [v(a2) +d; ] <|v(a) |. O

Applying successively Algorithm 4.1 several times enables us to lift any such initial
context to any requested precision. The cost is summarized in the following corollaries.
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COROLLARY 4.13. Let a € Py be of degree | > 1 in ;11 and let ay,a,11,61 be an initial Weierstraf$
context for a. Then, given y>0, we may compute a Weierstraf$ context ay,dy, 1i1,61 for a with
relative precision 1 using

OM(ldt)log(ldRsi1v(a)))

operations in K, where T=v(a) +nand d=d, - - - d; is the degree of the contact tower.

Proof. We convert the input data into the plain representation modulo O(z") using
Proposition 3.19, with O(M(ld T)log(ld)) operations in K.

, We successively apply Algorithm 4.1 to increase the relative precision from
2

k-1

Ryt
, for k=1,...,[log2(R¢+11)1. By Proposition 4.12, the total cost of the lifting clon-

to

Rt+1
tributes to
[log2(Re+17)1 2k
O M| ld|v(a) +
Y (oo
Mog2(Rt+1v(a))] Moga(R¢+11)1 Zk
=0 M(ldov(a)) + M| 1d
;; O Y. ( Rm)
= =[loga(R;41v(a))1+1

O(M(dv(a))log(Ris1v(a)) + Mdn)).
At the end of the lifting, we convert the polynomials to contact coordinates modulo O(z")

via Proposition 3.19, again with O(M(ld 7)log(ld)) operations in K. O

COROLLARY 4.14. Let a € P be of degree | > 1 in @1 and let a1, az,u1, 61 form an initial
Weierstrafs context for a. Then, given a with precision O(z") with T > 61, we can compute its
Weierstraf part af® (as defined in Corollary 4.10) with precision O(z"~°') using

OMdt)log(ldv(a)))
operations in K, where d=d - - - dy is the degree of the contact tower.
Proof. The truncation of a7° at precision O(z") does not depend on 7,1, as long as the
initial Weierstrafd context properties are preserved. In particular we may set —;1 to the

. L oo 1
largest slope of a7° (which is —co if a{” is a power of ¢;,1), so we have —y;11 € ?rt where
l1:=degy,,, a1, whence

Ris1 <R <dl. (4.3)

We use Corollary 4.13 with relative precision 77:= T — 1, as in the proof of Corollary 4.11.
The running time is

O(M(ld (v(a) +1))log(ldRy410(a)))
which yields the claimed bound thanks to inequality (4.3) and

v@a)+n=v@) +1-0=0v@)+7—|v@) +diy|<v(@)+ 71— (v@)-1)=71+1. O

4.5. Hensel lifting step

We now turn to the lifting of a factorization of an element a € P, assuming that suitable
approximate modular inverses are known. The following definition gathers the neces-
sary technical conditions and data structures.
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DEFINITION 4.15. Let a be clustered at PP; of degree [ >1 in ;1. A Hensel context for a with
relative precision 1> 0 consists of elements ay,...,a5,u1,...,us in Py and integers 61,...,0s that
satisfy the following properties:

Hy. Fori=1,...,s, a;is clustered at P of degree l; > 1, and has relative precision 1,
H,. v(a)=v(a) +---+v(as), and =11+ --- + 1,
H3- [a —ar--- ﬂs]v(a)ﬂy: O/

H,. Fori=1,...,s,v(d;) =v(d;rema;) and u;/z% is the normalized inverse of a; modulo a; with
relative precision 1, where d;:=ay -+ A;—10;41 - - ds.

If y=min (I} \ {0}), then we say that as,...,as,uy,...,us,01,...,0 is an initial Hensel context

fora.

Informally speaking, the assumption that 4; admits a normalized initial inverse
modulo g; for i=1,...,s corresponds to the idea that ay,...,as are “initially coprime”.
We revisit the classical Chinese theorem in this context.

LEMMA 4.16. Given a Hensel context as in Definition 4.15, the following formula holds in Py[z~']:
1= [ulﬁl/z‘sl ++ Msﬁs/z(ss]();,?.

Proof. Let us write
ci=u1d1/ 20+ -+ +usdg /22 e Py z71].
By construction this yields

1=[u;4;/z% rem a;]o;y=[c rema;]o;, (4.4)
fori=1,...,5. Assume by induction that there exists g; € P;[z~!] such that
1=[c—qiar---ailoy. (4.5)
holds for some i > 1, which is indeed the case for i=1 by (4.4). Combined with (4.4) for
i+1, there exists §;+1 € P;[z~!] such that

0=1[giar---a;i—gi+1ai+1]o;y- (4.6)
Since ay - - - a; is initially invertible modulo a;;1, Corollary 4.6 yields the existence of the
initial inverse v;/z% € P;[z~ '] of a1 - - - a; modulo a;4+1, 0 there exists ;11 € P;[z71] such
that
l=var---a;/27 = Giz1ai41.
Combining the latter equality to (4.6) gives

0=1[q;—(qi—0:i/27) ix1ai+1]—v(ar- - -ap;p

thanks to Lemma 4.4 and Hy. In this way, equality (4.5) holds for i + 1 with g;41:= (g, —
0;/2%) Giy1. At the end of the induction equality (4.5) holds for s, and since deg,,,, c <
degy,.,a, we finally deduce that [gs] _v(a;...a,);y=0. |

Given a clustered at IP;, we can increase (IP);<; with ®;;1:=a and ;42:= co. The con-
tact tower (IP);<¢41 obtained in this way corresponds to the quotient ring P;/ (a): in the
sequel P;/ (a) is endowed with the semi-valuation induced by Py, .
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PROPOSITION 4.17. Given a Hensel context as in Definition 4.15, the map

: []Pt/ (ﬂl te as)]v(a)n] - []Pt/ (al)]v(a),'iyx s X [Pt/ (as)]v(a),’ﬂ
b — ([brem al]v(a);r]/ ...,[brem as]v(a);r;)

is a K-linear isomorphism and we have QO Yey,...,c0) = [c]o(ay;y, where

c:= (ulc1/z‘Sl remay)a+---+ (uscs/z<Ss remas) ds.

Proof. It is clear from the assumptions that the map is well defined and K-linear. Let

(€1,---,C5) € (Pr/ (1)) oy, X - -+ X (P/ (as)) v(ay;-
From Lemma 4.4 we have
v(u;cirema;) =v(u;) +v(c;) = 6;—v(d;rema;) +v(a) =6;—v(a;) +v(a) =v(a;) + 6,
so Lemma 3.23 implies
val,(u;c;rema;) > 6;.

If follows that (u;c; rem a;) /z% belongs to P; and that v((uic;/z% rem a;) 4;) = v(a). By
construction we have

Q([C]v(a);iy) = ([Cl]v(a);m Ry [CS]U(II);V]) =(c1,...,Cs),

that proves that () is surjective.
Let be (Pt/ (a1 - - - as))o(y;y be in the kernel of (). There exists q; € P; such that b=
[9iai]o@);y fori=1,...,s. By Lemma 4.16 we deduce that

b=[u1d1q1a1/2" + -+ +Usds G55/ 2% oy,

whence [brem a]y (), =0. Consequently () is injective. O
The Hensel lifting step goes as follows.

PROPOSITION 4.18. Let a be clustered at Py of degree [ > 1 in @;11. Let ay,...,a5,uy,...,Us, 01,...,0s
represent a Hensel context for a with relative precision 11>0. Then, there exists a unique Hensel
context dy,...,ds,i1,...,1s,01,...,0s for a with relative precision 21 such that [a;1o(,;, =a; and
[iilouy;y=uifor i=1,...,s. More precisely, letting

bi:=u;arema,,
fori=1,...,s, we have val, b; > §;,
Ai=a;+ [bilogay+y+o/ 2"
Lettinge:=3"}_, H;zl,#i ajand
ci=u; (2% —uze) rema;, fori=1,...,s,
we also have val, ¢; > 6; and

A 5
ui=u;+ [Ci]v(ui)+5i+’7;’7/z -

Proof. Fori=1,...,s, let us consider unknowns a; in [P]y(,) +5,; such that deg,,,, d;<l;and

[a]v(u);Zq: [(ﬂl +‘il) T (as +5~ls)]0(u);2;7-
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After expanding the right-hand side of the latter equation, we obtain equivalently that
[a—ay---aslo@ +py=[A181+ - +Asdslo@) 451 (4.7)
By Proposition 4.17, equality (4.7) is in turn equivalent to
[arem a;]o(a) 4y =[(d:d;) rem a;]oay 4y fori=1,...,s.
Fori=1,...,s, Lemma 4.4 and the constraints on valuations and precisions then yield

[uiarem a;lo@) +oup+ny = [Widid; €M A1) 1o+
5,..
[z Iairemai]v(a)+5,'—v(ﬁ,')+77;77

Oi
(2%i]v@) +8—v@)+mm

5, ~
[Z Iai] v(ay)+oi+mn,
whence
i

z%d;:=[u;arem ﬂi]v(af)+5i+7l?7l‘

Then Lemma 3.23 gives
val;(u;arema;) Zv(ujarema;) —liyip1 20@;) +0i+ 4 —lLivip1=6i+1.

Fori=1,...,s, this shows that 4; is uniquely determined by

= [uia rem a;loy+ o4y / 2%
whence dy, . .., d; satisfy the required properties. We finally remark that
erema;=ay---A;_10;41 - Asremd;
fori=1,...,s, so the formulas for the ii; follow from Proposition 4.5. |

COROLLARY 4.19. Let a be clustered at P; of degree [ 21 in @41 and let ay, ..., a5, u1,...,Us,
01,...,0s represent an initial Hensel context for a. Then, there exist unique ai°,...,as° € P such
that [a;° @y =ai, fori=1,...,s,and a=a7 ---as".

Proof. This follows from a repeated use of Proposition 4.18 with increasing precision. O

COROLLARY 4.20. Let a be clustered at Py of degree [>1 in @41 and let ay, ..., as,uy, ..., U,
01,...,05 represent an initial Hensel context for a. Then a;° (as defined in Corollary 4.19) can be
computed modulo O(zT~%) fori=1,...,s from the truncation of a modulo O(z"%).

Proof. We introduce the truncation 4:=I1; 1([I—It(a)]o,T) of a modulo O(z%) and let 7 be
the smallest element of I}, larger or equal to T —min;;, . s(d;). By assumption, ay, ...,
as, U1, ..., Us, 01,...,0s form an initial Hensel context for 4. From Proposition 4.18 we know
that we can compute the Hensel context ay,...,ds, 11, ..., 01, ..., 0s for 4 with relative
precision 7, so that [4—a1 - - - ds]y();y =0 and
[a— ﬁl ce ﬁs]v(a),’ly =0+ O(ZT).

Since u;/z% is the initial inverse of 41 -+ d;_14;41 - - - 4s modulo a;, Corollary 4.6 ensures the
existence of the modular inverse ii; of @1 ---4;_14;41 - - - 4s modulo 4;°, which satisfies

A1 8i_10i41 - Asrema® =z°.
It follows that

[U;a— iy - - ﬁs]v(u)+v(ui);17: 0+0(z"),
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whence
[Zélﬁi rem al‘oo]v(a)+v(ui);11 =0+ O(ZT) .
Lemma 3.23 implies that
val (d;rema;®) > min (v(a) +v(u;) —8;+ 17— 1liYie1, T—061)
= min (v(a) +v(u;) — (v(u;) +o(a) —v(a;)) +1—o(a;), T—0;)
= min(y, T—9;)
T— 51‘.

WV

Since 4; and a;° are monic of the same degree in ¢;,1 we deduce that 4,=a;° + 0GE™%. o

4.6. Hensel lifting via plain coordinates

Hensel lifting is performed by the following algorithm that is dedicated to doubling the
relative precision of a Hensel context.

Algorithm 4.2

Input. A contact tower of height t and degree d as above, a rational number 7>0. A
monic polynomial A€ K[[z]][x] modulo 0" @*+21) wherea:=11;1(A), and polyno-
mials Ay, ..., As, Uy, ..., Us in K[[z]][x] modulo O(z"@+7y, Integers dy,...,0sin N. The
elements a;:=I17 '(A;), u;:=I171(U;), and 6; fori=1, ...,s form a Hensel context for a
with relative precision 7 as in Definition 4.15.

Output. Ay, ..., A, U4, ..., U, in K[[z]][x] modulo O(z"®*?1), such that the elements
aj:= Ht‘l(Ai), ;= Hfl(ﬁi), and ¢; fori=1,...,s form a Hensel context for a with relative
precision 27.

1. Set T:=v(a) + 27, and 5:=max (8, ...,0).
2. Compute R;:=Arem A; in K[[z]]/ (z”g) [x], fori=1,...,s.
3.Fori=1,...,s:

a. Compute B;:=U,;R;rem A; in K[[2]]/(z7*%)[x],

b. Compute A;:=B;/z% and A;:= A;+ A; in K[[2]]/ (z7) [x].
4. Compute E:= Y3, TT7_; 4 Ajin K[[2]1/ (z7)[x].
5. Compute S;:=E remAi in K[[z]]/ (z”S) [x] fori=1,...,s.
6.Fori=1,...,s, compute C;:=U; (z% = U;S;) remAi in K[[z]]/ (7% [x].
7.Fori=1,...,s, compute U;:=C;/z% and ﬁl,-:z Ui+ U, in K[[2]1/ 9 [x].
8. Return Al, .. .,AS, l:Il, ceny l:ls.

PROPOSITION 4.21. Algorithm 4.2 is correct and takes

OM(ld (v(a) +1))logs)
operations in K, where |:= degy,,, a.
Proof. The hypotheses of Proposition 4.18 are satisfied. We let

bi:=u;arema; =117 (B;).
Lemma 3.25 implies
[0:0;7+0,= (11 ([Bilo;r+6) Jos+o:
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We have seen in Proposition 4.18 that val, b; > J;, whence val, B; > 6; by Lemma 3.24.
Consequently A; is well defined for i=1,...,s. With the notation of Proposition 4.18 we
verify that

A

i = [ai+bi/z% 000 +27
= [Ht_l(Ai)]O;U(ﬂi)+2’7
= [I1;" ([Ado0p+27) J0otap 21

By Proposition 4.18, properties H;, Hy, and Hj of Definition 4.15 thus hold for 4y, ..., 4;
and relative precision 27.
In a similar fashion we verify that

[cilo;rrs,= [TT7 1 (C) 1oz46, = [T ([Cilo;r4.6) Jo;r+6r

From Proposition 4.18 we know that z% divides ¢, so it divides C;. Consequently l~li is
well defined fori=1,...,s, and we have

[ i]O;U(u1)+211 = [uz’ + Ht_l(ai)]o;v(ui)+277 = [”i + Ht_1< [Ui]O;T)]O;v(ui)+277~

By Proposition 4.5, property Hy holds. We are done with the correctness.
Concerning complexities, from Definition 4.2 we first observe that

=>

0;<v(d;) + Yr41degy,,, ai=0v(d;) +v(a;) =v(a) and v(u;) <v(a;),
fori=1,...,s. Consequently steps 2, 4, and 5 take
OM(d (v(a) +1))logs)

operations in K using the sub-product tree technique; see [26, chapter 10, Theorems 10.6
and 10.10], for instance. The other steps require O(M(ld (v(a) +1))) further operations
in K. O

Applying successively Algorithm 4.2 several times enables us to lift an initial Hensel
context to any requested precision. The cost is summarized in the following corollary.

COROLLARY 4.22. Let a be clustered at Py of degree | in ¢;1, and let ay,...,as,uy,...,1Us,01,...,0s
be an initial Hensel context for a. Then, given >0 and T:=v(a) + 1, we may compute a Hensel
context dy, ..., ds, 11, ..,is,01,...,0s for a with relative precision 1 using

OM(dt)log(ldRsy1v(a))logs)
operations in K, where d=d - - - d; is the degree of the contact tower.

Proof. We convert the input data into the plain representation modulo O(z") using
Proposition 3.19, with O(M(ld T)log(ld)) operations in K.

k-1 k
We successively apply Algorithm 4.2 to increase the relative precision from 2 2

to—
Riv1  Repr”

fork=1,...,[log2(Rs+17) 1. By Proposition 4.21, the total cost of the lifting contributes to

Moga(Re+1)1 2k
M| id +—=—111
Z ( (U(ﬂ) Rf+1)) ogs]

k=1

Moga(Ri+1v(a))] Moga(Rs+1m)1 k
2
Y Mddoa))logs+ > M(ld )logs
k=1 k=Tloga(Ri110(a))]+1 Riy
g2 41

O(M(Idv(a))log(R;+1v(a))logs+M(dny)logs)
O(M(ld T)log(R¢+1v(a))logs).

@)

O
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At the end of the lifting, we convert the polynomials to contact coordinates modulo O(z")
using Proposition 3.19, again with O(M(Id 7)log(ld)) operations in K. O

COROLLARY 4.23. Let a be clustered at P, of degree | in ¢;1, and let ay,...,a5,uy,...,us,61,...,
s be an initial Hensel context for a. Then, given a at precision O(z") we can compute a;° (as
defined in Corollary 4.20) at precision O(z*=%) fori=1,...s, using

O(M(ldt)log(ldv(a))logs)

operations in K, where d=d - - - d; is the degree of the contact tower.

Proof. We use Corollary 4.22 with the relative precision 77:= 7 —min;_;
proof of Corollary 4.20. The running time is

..... s (51) as in the
O(M(ld (v(a) + 1)) log(IdRs41v(a)) log s).
Then we verify that

v@)+T—0;=v(@)+T—v@) + vl <v@) + 71— (v@)—-1)=1t+1.

Using Ry4+1 < R¢l<1d the cost of the lifting simplifies to O(M(ld 7)log(ldv(a))logs). O

5. SEPARABLE TOWERS

In this section we introduce the notion of “separability” for contact towers. This will
allow the construction of derivations on contact towers, which will be the key ingredient
of the central shift algorithm in section 7.7.

5.1. Definition

Informally speaking, a contact tower is said to be separable when the initial forms of the
its defining polynomials ®; are separable. The precise definition is as follows.

DEFINITIONa%l. A tower (IP;);< of contact coordinates as in Definition 3.1 is said to be sepa-

rable when a_q;; is initially invertible in P;, for i=1,...,s. It is said to be effectively separable

if the normalized initial inverses of the % are known for algorithmic purpose.
Throughout this section, we assume that (IP;);<; is effectively separable. Fori=1,...,t,

e egs 1 s o0d; .
O, K[z, ¢1,..., ;] represents the initial inverse of Sor modulo ®;. More precisely, we

. C e o0d; . .
assume that ©; is homogeneous and satisfies 1n(®ia—(,;) =z", where x; € N. From Defin-

ition 4.1 we know that
0<r<2di—=1D
. 0d; _
since Val(a—%) =d;i—1)7,.
Example 5.2. We define an effectively separable contact tower of height 1 by taking t =1,
®1=¢}—-3,71=0,%=0,and @, = ¢, /6. Indeed,
2

in(®1% remy, @1) = in(% remy, @1) =1,

where rem,,, stands for remainder with respect to the variable ¢;.
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Example 5.3. Consider Example (2.6): ®; = ¢7 —3 and ®, = @3 — 522 ¢, form a contact
tower of height t =2 with contact slopes 71 =0, 72=1. We get 71 and 7> from 2y, =
Val(go%) =val(—-3)=0and 2y,= Val((p%) = Val(522§01) =2. As for the modular inverses we
may take x1=0, k=2,

_P 192
0= 7 and ©,; = 30
Indeed, we verify that

2
in(@ZBa;;zz remy, @2) = in( 40132 remy, @2]
¢1 (522 @1+ @3)
= ( 15 remy, <I>2)
= in(z?).

5.2. First derivatives

Since the map I'l: P, — K[[z]][x] is a K[[z]]-isomorphism, from Lemma 3.15, the deriva-
tion d —on K[[z]][x] induces a derivation on P; (that is still denoted by i for simplicity):

da L -1
I IT; (a(nt(a)))-

The separability assumption ensures that this derivation satisfies several convenient
properties.

LEMMA 5.4. Let (IP;)i<; be a separable contact tower. Fori=1,...,t we have

in(d§0i+1) in(aq)l d@z)

dx dp; dx
and
dgi
v( g;l) =@di—=Dyi+@dica—Dyvia+--+ @i -7
Proof. We prove the result by induction on i. For i=1 we have
dga 9Py
dx 8 1
and Y
d od
{22) w320
Fori=2,...,t we have
deiy1 0@ 0Dide2 0d; doi

dx _8g01+8g02 dx T dp; dx’
By Lemma 4.3, the separability assumption yields

o0Didgi)  (0D; dei
v(a(Pi W) - v(a—@)w(a).

Combined with the induction hypothesis we deduce

0d; do;
U(B_(Pz qu)C) = (di_l)’)’i+(di—l—l)’)/i_1+---+(d1_1)z),1.
On the other hand, for j <i we have

0d; d
v(a .d¢’)>d1% Y+ @ =Dyt (di =D,
?j
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and therefore
U(aq)l d@]) U(aq)l dgol)

d¢; dx dp; dx
2 divi—y—di=1)vi—di-a—=1)yica— = ;=1
= Yi—dici—=1)yic1—-- = d;j=1) ;=
= (vi—di-1vi-1) + -+ (1=
> 0. a

5.3. Higher derivatives

We now study the effect of several consecutive differentiations in x.

LEMMA 5.5. Let (IP;)i<¢ be a separable contact tower. For any ¢ € P;_q we have
dc
U(a) > o)+ di—17-1—r) + -+ {d11—72) —
d
= v(c)— ’yt+v( d(fct)
Proof. The inequality follows from
Z oc dq)z
. 0Q; dx”’
Lemma 5.4, and the inequality

—Yi+ i1 =D yici+--+di-Dmz2—yiq+@di—D) v+ +d1—1)m
fori=1,...,t—1. O

LEMMA 5.6. Let (IP;);<¢ be a separable contact tower and let a € P11 be such that

ZJ( Ja )—U(a)—
a§0t+1 - Yi+1-

. (da) . (dei1 0a
| 3 ) = a9 )

Proof. Writing a=¢; q)fﬂ +---+cg, we have

Then we have

da d¢i1 9a N dc]

dx~ dx 9¢i = dxgpprl

Then, for j=0,...,I, we have v(cj) 2 v(a) — j7:4+1 so Lemma 5.5 yields

dcj do:
(d got+1)>v(a)—'yt+v( dfc)
On the other hand,

U( d(Pt+1 oa
dx 0@

d
)=v(a)—%+1+v( g?l), (5.1)
so Lemma 5.4 implies

(dc] i ) (d§0t+1 da

Oy V1)~ dx a¢t+1) = Yer1—deyr > 0
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and

_(da\_. (det1 da
m(a)_m( dx a§0t+1)' Od

LEMMA 5.7. Let (IP;)i<: be a separable contact tower. Given a € Py and k>0 such that

oka )
v =v(a) —kyty1,
(agozlf(ﬂ ’

in ﬁ =in (d§0f+1)k oka
dak dx a(PiIE{H .

o/ ,
v( ja ] =v(@) —jv1

9Qri1

we have

Proof. First note that

holds for all j<k. We prove the lemma by induction on k. The result is clear for k=0, so
assume that k> 1. The induction hypothesis implies that

k-1 k=1 k-1
d_a (dq’t”) CAR (5.2)

dx dgfit

dxk-1"
d1a

for some R such that

Differentiating (5.2) with respect to ¢, yields

o d“'a 9 (dgotﬂ)k—l of-1g (dgotﬂ)k—l oka L (5.3)
0@yt dxk=1 " dgpyr\ dx LYty dx gk, 91 '
Since in(%) does not depend on ¢;,1, the initial form of (%)k_l also does not
depend on ¢;1. It follows that
0 d§0t+1 k-1 d§0t+1 k-1
o o D B (G B
whence
k—1 k-1 k=1 k
o[ (BB (dgay ) 59
O@i1\ dx APiii dx 9P
Equation (5.2), the assumption on a, and the definition of R imply that
oR dF1q ders1 k-1 oFa
U(a§0t+1) o) _%+1>U(dxk—1] _%H_v(( dx ) 0pf1) (5:3)
By combining (5.3), (5.4), and (5.5) we deduce
k-1 k=1 10k
N R L P (d(”t“) o4 ) (5.6)
911 dxk-1 dx 9pf 1
On the other hand Lemma 5.6 gives us
_(dfa) . (der1 9 dla
m(dxk)_m( dx 9gi di 1)’ (5.7)

We conclude the proof by combining equations (5.6) and (5.7). ]
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6. INITIAL EXPANSIONS

Canonical representations are not always the most efficient ones for computations with
initial forms. This can be already observed in the case when t =1. Indeed, let us write

€di-1

di—1
1 440z,

in(®q) :gofl+cd1_1z [

withc;eK and e;eN fori=0,...,d;—1. Let f; and r1 >1 be coprime integers such that

_h_&

M= od
Then, the coefficient ¢; is zero whenever j is not a multiple of 71. This shows that in(®)
is sparse in the sense that it contains at most s; :=d; /71 non-zero terms besides gofl. In
particular, computations that use the dense representation are deemed to be suboptimal.
Assume for instance that we need to compute the valuation and the initial inverse
of a € P;. We first extract the initial part of its canonical representative A; there exist

ke{0,...,r1—1}and ay,...,a5,—1 € K such that

_kfl

fi
V—(Sl—l)fl—kr— _ (28 o
TR gz gk

in(A)=as,-1z
where o :=val A. Note that in(A) is again sparse. We now have to compute the Bézout
relation of the specializations at z=1 of in(A) and in(®;) in K[¢1]. Without exploiting
the sparsity, this computation takes O(M(d;) log d1) operations in K. In this particular
case, the remedy is to compute with respect to ¢} instead of ¢, while exploiting the fact
thatin(A) ¢1 kand in(®1) are dense polynomials in ¢7".

In order to generalize this remedy to the case when t >1, we show in this section how
to rewrite sparse homogeneous polynomials in K[[z]][¢3,...,¢;] into suitable products
of coefficients in “algebraic towers” (A;);<; over K and “monomials”.

In all computations below, (IP;);<; will be an effectively separable contact tower (as
in Definition 5.1) that satisfies the following additional property.

DEFINITION 6.1. With the notation of Definition 3.1, a contact tower of height t is said to be
regular when ®;(¢,...,¢i_1,0) has valuation d;7y; and is initially invertible, for i=1,...,s. It
is said to be effectively regular if the normalized initial inverse of ®;(¢1,...,9i—1,0) is known
for algorithm purpose, fori=1,...,s.

This regularity assumption implies that 7; is determined by

1
7i:EV31(q}i(§0l/---/§0i—110))-

6.1. Definition

An algebraic tower over K is a sequence (A;);<; with Ag:=K and A;:=A;_q[x;]/ (ui(xy)),
fori=1,...,t and monic polynomials p;(x;) € A;_1[x;]. We will write a; for the image of x;
in A; and sets;:=deg y; fori=1,...,t. The tower is said to be effectively separable when we
are given u and v in A;_1[x;] of respective degree <deg y; and <deg y; —1 such that the
Bézout relation

l=upi+ou;

holds, fori=1,...,t. The next definition concerns the alternative representation of homo-
geneous polynomials modulo (in(®y),...,in(Py)).
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DEFINITION 6.2. An initial expansion consists of the following data:

o An effectively separable tower
A()Z: K and Ai:: Ai_l[xl-] / (yi(xi)), fOT" i= 1, R
where y; is monic of degree s;>0in A;_1[x;]. The class of x;in A;is written a;. Fori=1,...,t
the inverse of w; exists and is known.

o A tower of purely ramified extensions of Bo:=K[[z]], written

0

{i,] . fi,i—])’

Bj:= Aily1,...,yil/ (Y —boarz/™, ..,y —bi_y iz o T

Yy

where 11, ...,1; are positive integers called ramification indices,
(ﬁ/O""’ﬁ/i_l) eNx{0,...,r1—=1}x---x{0,...,ri_1—1},

fori=1,...,t,and bj is invertible in A;for j=0,...,t—1. The class of y; in B, is written B;.
o p;€ A, and a uniformizing parameter ;€ B; such that ani = p;z, where R;j:=r1--- 1y, for
i=1,...,t
e €N coprime with r; along with integers u; and v; such that nl-f" =wa; " Biand u;ri+vifi=1,
fori=1,...,t.

6.2. Initial expansions for towers of height t =1

The construction of an initial expansion associated to a contact tower is achieved by
induction on t. This subsection is devoted to the case when t =1. As in the introduc-
tion of this section, we write

di—1
1

in(®q) :g0f1+cdl_1z€d1‘1q) + - 40z,

withc;€K and ¢;eN fori=0,...,d; — 1. Note that cy # 0 because the tower is regular. As
before, we let f; and r1 > 1 be coprime integers such that

_e_f
,)/1_511_7’1.

We define

s s1—1
p1(x1) :=x7"+cgy—p, X1\ -+ Cp X140,

where s1:=d1/71. Note that ¢;=0 whenever j is not a multiple of 1. The inverse of a1 is:
1 (pa(x1) —u1(0) )
1 _( —u1(0) x1 (@2).
With fi o:= f1 and by:=1, the map

Ti: K(@)[g1]/@Gny) = By[z7']
p1 — B1,

is well defined because

(in(®1)) (B1) gy 21 BPT o oz AN

= (B ety 2 (BN T - g2/
(127 + e 21 (g 2/ o 21
= p1(ay)z/™

= 0.
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Let us now show how to compute conversions via Ty. Let A€ K[z][¢1]<4, be homoge-
neous of valuation ¢ and write

f1
c—(s1—-1) fi—k k=
A=ag_1z gp(s] 1)71+k+...+aoz 1§01

with ke {0,...,71—1}. Then the formula

1
TR 1
Ti(A)=z 1ﬁ1(asl 10(?1 +---+a1a1+a0)

allows for the computation of T1(A) without any arithmetic operations or zero tests. This
also shows that Tj is an isomorphism.

Assume that two elements z°° 81" and zséﬁf]’ in B1[z~!] with 0< e] < &1 <r; have the
same valuation, that is

/fl

€0+€1f—:80+81—.
&

If f1=0 (that corresponds to eg=0), then 71 =1 so0 £; =1 =0 and therefore ¢y = (. Other-
wise we have

(e1—¢€1) fi=(e0—€0) 11,

and r1 and f; are coprime. So r; divides €1 — €1, whence €1 = ¢ and ey =¢o. In other words,
any homogeneous element in B1[[z~!]] can be written in a unique way as cz® 87" with
ceAy,epeZ,and 0<e1 <.
Now consider the Bézout relation u;71+ v fi =1 between r; and f;, with |u1]| < f1 and
|v1] < 71. The element
=2 B E B[z 7]
has valuation 1/r1. From

7.[{1 :Zu]rlﬁfm 21 v1f1ﬁvm Z1=vifi (“1Zf1)v1 — oci“z

and

ﬁ{lzzulflﬂflf] ulfllBl uirn _ ulfl,Bl (‘Xlzfl)_u]:a]_u]ﬁlf

we obtain formulas to rewrite z and f; in terms of 77;:
z=a7" ), pr=ai

Consequently 77y is a uniformizing parameter of B1[z~'], whose valuation group is

and p1:=aj". In particular, B is a purely ramified extension of B. It remains to make

(Aj)i<1 effectively separable. To this end, we first compute

(0D 3} (51— ;
Tl(m(a_q,l)) — Tl(aq) (§0r151+cd1 r1zf1§011(1 1>+---+Cozf1 1))

— Tl((s (pﬁ(sl 1)+(51_1>Cd1 rlzf1§071(51—2)+ tc Zf1(51 1))1‘ g071 1)
— (Slﬂéil 1, fils1— 1)+(51_1)Cd1 e 51 2, fitsi= 1)+"'+C7’1Zf1<51 1)) 113{1—1

rip (ag) 216G gt
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Let ®1 and «7 be such that in(@l %) =z""and let 61 (a1) z°° 81" :=T1(in(®1)) be such that

0<ée1<r1—1. Then we have

ﬁ -1 -1
K1 1(“1)250 i] 71 ]"’1(“1) Zfl(sl )13?

Z -1 -1
r1601(aq) ptll(al) g0+ fi(s1 ),B?HI '

Necessarily €1 =1 and 71 a1 61(a1) is the inverse of yj(a7). From this inverse we easily
recover the Bézout relation of y#1 and y1, that makes the tower (A;);<1 effectively sepa-
rable.

6.3. Initial expansions for towers of height  >2

The next lemma deals with the construction of an initial expansion associated to a contact
tower. We extend the above construction for t =1.

LEMMA 6.3. Given an effectively separable and regular contact tower (P;)i<;, there exists an
initial expansion such that each r; divides d;, and
T K(@)Igy,..., @]/ (in(ly) = Biz™'] (6.1)
;i — Bi forj=1,...,i

is a K((z))-algebra isomorphism, for i=1,...,t. We set s;:=d;/r;. In addition, with R;:=r1---1;,

B,[z '] has valuation group

_ 1
f=gZ

The algebra B,[z~] inherits the grading of K((2))[¢1,...,9il. We still write v for the semi-
valuation induced over Bi[z™1], so v(z) =1 and v(Bi))=vifori=1,...,t. Any homogeneous
element of B;[z~1] can uniquely be written as cz®B5' - - - Bf', where c € A; and

(e0,..., &) EZXx{0,...,r1=1}x---x{0,...,r;—=1}.
Proof. We prove the lemma by induction on t. The case t =1 has been addressed in

the previous subsection, so we assume that t >2 and recall that 77;_; is a uniformizing
parameter of ]B%t_l[z_l]. We write

in(®p) = @i+ Ca_1 14+ +Cp,
where C;€ K[z][¢1, ..., ¢:-1] is homogeneous for j=0,...,d; 1. Then we define
¢y 1:=Ti_1(Cp),
where ¢;€ A;_1and ¢;€N, for j=0,...,d;—1. We introduce
d e
sy:=ged (dy, ep), 7’t==s—t, firi= =
t 5S¢

so we have

eo ft
= = . 6.2
T=AR T R (6.2)

Since the tower is regular, cy is invertible. Since in(®;) is homogeneous, we have ¢;=0
whenever j is not a multiple of r; and

ft

ed;—jr, + (dt_jrt)%:dtr_t
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for j=1,...,s:. The latter equation is equivalent to

ed,—jr, = j ft-
We define y; as
p(xp) = x5+ gy X5 40X O
and
r=ml. (6.3)

The inverse of a; is then given by

arl= (—” t(f;)t(_oil ;io) )(m). (6.4)

fi

From the induction hypothesis, 77;_; can uniquely be rewritten as
7th11 = bt—lzﬂ’oﬁ{r'] : {f T

where b;_; is invertible in A;_j and (f,..., fi1-1) EZx{0,...,r1—1} x---x{0,..., 1,1 —1}.
We also have
v(Bi) =rev(Br) =17 > 1edi_1 V-1,

so Lemma 3.23 further yields

fro=val, (szogof” qo{”ll) > v(Bi") —rt-17i-1
Z ndi1Yi-1—r-1m-
= 0.
Inside By, the following equalities hold:
t +Cdt 7’t7-[tfrl fi I’r+ +C07Tttftl = (:B?)St-i_cdt—f’rn—tfll (:B?)St_l +C07T?ftl
= (atntft )* +Cdmr, 7T (uctr[tf_l)sf Lot
= e iy

=0,

which shows that T; is well defined.
Let A€ K[z][¢1,..., ¢:] be homogeneous of valuation o, such that deg,, A <d; for
i=1,...,t, and let us write it in the form

A:As,—lﬁﬂt(St_l)rH—k +A ¢I’r+k+A0(P£(’
with Aj homogeneous in K[z][¢1,...,¢;-1] and k€{0,...,71—1}. Then

Ti(A) = Ty 1(Aq,— 1)[3(”‘”””‘ 4+ T (A B+ Ti_1(Ag) BF
= (Ti—1(Ag=1) (“t”t ) "'+Tt—l(Al)“tntfi1+Tt—l(A0))ﬁ{‘{

shows that it is straightforward to compute T; recursively, and that T;is a K ((z))-algebra
isomorphism; an explicit recursive formula for T;"! will be given in the proof of Proposi-
tion 6.4 below.

Now assume that two elements 7/ B;' and 77}~ f 3 Bf, | with 0 < e; < el <74, have the
same valuation, that is

€1-1 f ef-1 . f
_ ¢!

rl...rt_l rl...rt rl...rt_l rl...rt
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or, equivalently
(et — &) fr=(er-1—€i-1) .

Since t > 2, from Definition 3.1, f; #0, and since r; and f; are coprime, r; divides ¢ — ¢4,
whence ¢ =¢;and e/_1=¢;_ 1 In other words, any homogeneous element in B[z"'] can
be uniquely written b7/'7 Bf' withbeE A;_1, &,_1EZ and 0< g, <7y

Let

1 :utrt+vtft

be the Bézout relation of r; and f;, with |u4| < f; and |v4| <7;. The element

=it B E B[z

has valuation
W vife  wre+oefr 1
rl-.-rt_l rl.-.rt rl-.-rt rln.-rt'

On the other hand we verify that

= = Y () = e (65)
and
ol = g = o i = ()T B = ™ B (6.6)

Consequently, the valuation group of B;[z71] is

1
rl...rt

ft: Z/

and 71; is a uniformizing parameter. In addition we have

R v Ri_ ViR
=y o) M =y T o 2,

whence
UtRi—q

pr=ap " Or-1. (6.7)

In order to show that (A;);<; is separable, we verify that

a® a TtSt t t(St— /Tt
Tt(m(a t)) - Tt(aqo (@™ +ca,— rr”tflq’t GD ooz ))

th
re(st—1 st—2 S 1 7 1
It((s ¢ t( t )+(St— l)cdt rtr(ft (Ptt( = )+ +C th( = >)1’ (P = )

1 1 1 -

= (seaf'” Yl D g (o= 1) cgyr, a2 1S >+~-~+crt7rtft(ft Nt
(st=1) pri—1
= rtyt(pc)rcf’ B

Let ©®; and «; be such that 1n(®t 59 ) *“tand let 0;(a;) 7755 Bf':= Tr(in(O;)) be such that
0<e;<rs. Then we have

(st=1) pri—1
2 = Oy(ay) TE B e pay) STV B
= 7 0p(ay) p(ay) 71& s l)ﬁtgﬁn_l-

It follows that ;=1 and

/ Et—1+ ftSt
= 14 0s(ay) p(ay) a7t f

re0p(ar) p(ay) ar pfly,

Kt

N
I

whence
(i) L =1 0p(ay) o111 (6.8)
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From this inverse we easily recover the Bézout relation of y; and y; so the tower (A;);<;
is effectively separable. O

6.4. Conversion costs

Before turning the above construction of the initial expansion into an algorithm, we study
the costs of the conversions T; and T; '. We recall from section 1.2 that products in A;
take O((s1---51)1 7€) operations in K.

PROPOSITION 6.4. Assume that we are given an initial expansion of a contact tower, and let a be
homogeneous of valuation o >0 in K[[z]]1[¢1,..., @]/ (in(l)). Recall that Ry:=r1--- 1. Then
we can compute Ty(a) in the form c 7rt‘7Rf with c € A; using

O(s(s1-++51-1)' *“log (@R 1)
operations in K. Conversely, given ¢ t{X with c € Ay, we can compute

Tl ey e K(@) @, ..., 91/ (indy)

with the same cost bound. In addition, if c € Ay has degree <l in a; and if r; divides o Ry, then we

can compute T (c t7") using

Ol (s1---51_1) *€log(cRi_1) 1)

operations in K.

Proof. Let A denote the canonical representative of a. There exists k such that 0 <k<r—1

and
si—1

A=gf Y Crjxoi’.
j=0

. . KR
For j=0,...,5;—1 we recursively compute c; nt(ol g +RR, 1(Crjsk) with ;e Ay

Then we verify

si—1
Ti(A) = ) Tea(Crjin) Bt

j=0
si—1

_ ,Bt Z o (17 (rej+k)yo) Ri— 1‘3?]'
st—1

= Bf Z ey (ORI il (using (6.3))
si—1

= [Z c]oct] - ko) Re— 1 (using (6.2))
St 1

- [Z c]oct] SRRtk R (using (6.2), (6.5), and (6.6))

Recall that the inverse of «; is at our disposal and that the Cj belong to A;_1. So we need
to compute o "7 FIRHUK g0 g bmary powering and fast tower arithmetic. Then, we

multiply this quantity by Z;t 01 ¢ja}. These products require

O(s (51 5i-1) € (log(jo4l (0 —kye) Ry_1 + lusl k) +1))
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operations in K. Since |v4 <r; and |u4 < fi=:R;, we may simplify
log(|v4l (¢ = k) Ri—1+ lusd k) <log((0 — k1) Ri+ k7t Ry) =log(oRy).
Let Ci(0) be the cost of evaluating T; at any valuation <o. We have shown that
Ci(0) =5:Ci1(0) + Os¢ (51 -~ 5t-1) € log (T Ry)),

whence

Ci(e)=O(st (s1- -+ 5t-1)*“log (T R ).
The above formulas can be read in reverse order for performing a backward conver-
sion Tr'!, with a similar cost; note that k= ft_l o R;mod 7.

The second assertion of the proposition corresponds to the special case where k=0,
which leads to the cost I C;_1(c) via the following formulas:

([Z] ] (Z R

3175

(0 rjye) Re—1
Z T (o ) @l. ]

6.5. Cost of initial expansions

Having shown how the conversions T; and T;™! can be computed efficiently, let us now
turn to the incremental construction of an initial expansion. We keep the same notation
as in section 6.3.

PROPOSITION 6.5. Given the initial forms in(®4),...,in(Ps) of an effectively separable and
regular contact tower, an initial expansion can be computed using

O(st (51 s¢-1) T ¢log(dsyd) t2)
operations in K.

Proof. The case t =1 has been detailed in section 6.1: it takes
O(s1log(lu1v1))) = O(s1log(fir1)) = O(s1log(d17171))

arithmetic operations in K. By induction on f we may assume that the initial expansion
has been computed up to height t — 1. We write

in(®y) = 4)? +Ca,—1 ?ft_l +---+Co,
with the C; homogeneous in K[z][¢y,...,¢;-1]. Since 0 =d;7; and R;<d, Proposition 6.4
allows us to compute T;_1(Cj;,) for j=0,...,s;—1 using
O(st(s1-+-51-1)" " “log (dyed) 1) (6.9)

operations in K. This is sufficient to obtain p;.
If Cy/z% stands for the normalized initial inverse of C, then we can compute c§ 7rt 1=
T;_1(C¢). Hence

5 / I e e / S 8
z%=T;_1(Co) T—1(Co) =co 712 1c0 7121 =C0Co 01212,
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so the computation of the inverse of y;(0) requires one evaluation of T;_; at Cj and
O(log 69) =Oog(dsy:)) products in A;_;. The inverse of «; is then obtained via (6.4) with
O(sy) operations in A;_;. The cost of these two tasks does not exceed the bound (6.9).

The computation of the inverse u of yu; modulo y; then requires one evaluation of T;
at the initial inverse of giit, then O(log x¢) = O(log(d;v:)) products in A;_1, and O(1)
products in A, by using formula (6.8). The second cofactor of the Bézout relation of u}
and pt, namely (1 — uuy) / requires O(M(sy)) = O(s;) further operations in A;_1.

By using formula (6.7), the computation of p; from p;_; takes
O(log(lvd R¢-1)) =O(log Ry))

operations in Ay, that is O(s; (51 st_1)1+elog d) operations in K. The sum of the costs
for all levels of the tower is bounded by

t
@) Z31(51'-'51—1)1+€108(d1-'-didi%)f
iz1

= O(s¢(s1---51-1) T €log(d;y:d) t2). O

7. NEWTON FACTORIZATIONS

In this section we apply the lifting algorithms of section 4 in order to compute so-called
Newton factorizations of a polynomial a that is clustered at IP; (Definition 3.9). These are
partial factorizations that are related to the contact Newton polygon of a with respect to the
current contact coordinates (Definition 7.7).

Until the end of the paper, contact towers will be effectively separable (Definition 5.1)
and regular (Definition 6.1). Since we occasionally will have to manipulate multiple
contact towers at multiple levels, it is convenient to

e regard an element a € PP; as an element in any other P; via the natural isomor-
phism 17 1oT1y;

e write
in(a; P;),v(a; P;), and [a; P;]4;,
for the initial form, the valuation, and the truncation of 2, when regarded as an ele-
ment in P;
o given A€ K[[z]][¢1,...,pi+1], write
in(A;P;) and v(A;P;)

for the initial form and the valuation of A(¢;,...,9i41) in P;.

7.1. Irreducible contact towers

Since we assumed from the outset that we have an algorithm or oracle for factoring uni-
variate polynomials over K, we are interested in factoring elements of K[[z]][x] into
irreducible factors. There is a corresponding notion of irreducible contact towers and,
thanks to our oracle, all contact towers that we will need for our main factoring algo-
rithm can be forced to be of this type.
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DEFINITION 7.1. A homogeneous contact polynomial a € P; is said to be initially reducible if
there exists a1 and ay homogeneous in P; \ P;_1 such that in(a; P;) =in(aya; P;). A contact
tower (P;)i«; is irreducible if in(P; P;_q) is initially irreducible for i=1,...,t.

In view of the initial expansion (A;);<; and (B;);<; of a contact tower (IP;);<;, we
observe from Lemma 6.3 that (IP;);; is irreducible if and only if A; is a field. Equiv-
alently, (A;)i<: is a tower of field extensions. In this case, any non-zero element in P;_;
admits a unique normalized initial inverse.

PROPOSITION 7.2. A separable contact tower (P;);<; is irreducible if and only if I1i(@si1;Py) is
irreducible.

Proof. If (IP;);<; is reducible then their exists a smallest index i such that ®; admits an
initial factorization regarded in PP;_;. This initial factorization yields an initial Hensel
context that can be lifted into a non trivial factorization of I'T;(¢¢1; P;) by Corollary 4.19.

Conversely assume that (IP;);<; is irreducible and let b be a factor of IT;(¢:i1; Py).
Then, in(b; P;_1) initially divides in(®;; P;_1), hence b cannot be a non trivial factor of
ITi(@r41, Py). O

The next lemmas are devoted to the complexity of initial inversions.

LEMMA 7.3. Let (IP;);<t be an effectively separable, regular, and irreducible contact tower, and
assume that its initial expansion has been precomputed. Let b & P;_1 be homogeneous and of
valuation 0 in z. Then, b admits a unique normalized initial inverse, that can be computed with

O(d; (dy -+~ d—1)'*“log (dr7n) = O(d'*log (d; 1))
operations in K.

Proof. From Lemma 3.23 we know that v(b) <d;7;. The computation of
Ty(b) = c iy O
takes

O(s¢ (s1-+-81-1)*€log(diviRy) 1)
= O(d;(dy---di_1)log(di )
t—[U(b)]

O(st (51 -5i-1) " €log(v(b) Ry) t)

operations in K by Proposition 6.4. Then we compute ¢! p in time
O(s (s1---51-1) " *€log (d; 1)) = O(d' *“log (ds 7).
Proposition 6.4 allows us to obtain

u ::Tt—l(c—lpt—[v(b)] nrth([U(b)]—U(b))> c ]P)t[z—l]

with Od; (dy - --d;_1)1+€) further operations. Since v(u) >0, Lemma 3.23 implies val, u >
—d;yr. We verify that
Ty (in(ub)) = C—lpt—[v(b)] n_th([U(bﬂ—U(b)) C n,thv(b)
— pt—fv(b)] nthfv(b)]
— Z[v(bﬂ,

by using identity nf‘ = pz stated in Definition 6.2. It follows that in(ub) = zIPO1 - After
multiplying or dividing u by a suitable power of z we obtain the normalized initial inverse
of b. O
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LEMMA 7.4. Let (IP;);<; be an effectively separable, regular, and irreducible contact tower, and
assume that its initial expansion has been precomputed. Let a be clustered at P; of degree [ >1
in @41 such that @11 does not divide in(a), and let b € P, be homogeneous of degree <l in @41
and of valuation 0 in z. We can test whether b admits a normalized initial inverse modulo a or
not, and if so compute this initial inverse with O d1+€10g(l')/t+1)) operations in K.

Proof. We increment the tower (IP;);<; with ®;,1 =in(a). The extended tower is not nec-
essarily separable or irreducible because of its top level, but this does not prevent from
building the corresponding incremented initial expansion with the difference that A, is
not a field extension of A, that is not even necessarily separable. By Proposition 6.5 this
“almost initial expansion” incurs é(ld1+€log(l’yt+1)) operations in K. The conclusion
follows from Lemma 7.3: still writing T;,1(b) =c¢ nfﬁlv(b), the required initial modular

inverse exists if and only if c is invertible in A . |

7.2. Contact factors

The following lemma asserts that a is clustered at any IP; for i <t —1 as soon as it is
clustered at P;.

LEMMA 7.5. Let a € Py be clustered as in Definition 3.9, of degree l in @;41. Then, fori=1,...,t,
the polynomial a is clustered at P;, and we have v(a; P;) = mjy1Yip1 where miy1:=diyq - - dyl.

Proof. Note that I1;(a) is monic in x of degree dm;,1. Therefore a is monic in ¢;;1 of
degree m;;1 when regarded in IP;, for i=0,...,t. The rest of the proof is done by induction
on i from t down to 1. The case i =t corresponds to the hypothesis of the lemma. Now
let us assume that v(a; ;) =m;41i+1 holds for some i<t, and consider the contact rep-
resentation
i i+1—1
a=@i{i' + Cmp1 91+ F o
in ]Pi/ with
v(cj; Pim1) =v(c; Py) 2 (mip1—7) Yita

for j=0,...,m;41—1. It follows that

0(¢; @ Pii1) = (Mip1—)) vie1+jdivi

= (Mmiz1—divit+jdiyi

= dimiy17i,

where the second inequality is strict for j <m;,;. Consequently, v(a; P;_1) =m;7;. O

DEFINITION 7.6. Let (IP;)i<; be an effectively separable, regular, and irreducible contact tower
and let a € Py be clustered at (P;);<;. An irreducible contact factorization of a at precision

O(z") is a sequence of pairs (a(j), (]P’fj))igtm) modulo O(z") forj=1,...,n, such that:

(]P’,-(j ))i<t</‘> is an effectively separable, regqular, and irreducible contact tower for j=1,...,n;
ti>tand (]P’f]))igt: (Py)igt for j=1,...,n;
e 0V € P, is a power of the last contact coordinate @i g of Py forj=1,...,n;

e a=aW...a™ 4 O(z7) (this equality can be regarded equivalently in any P; for i<t).

7.3. Contact Newton polygons

Consider a contact polynomial

I -1
A=CiPry1+Ci_1Piy1+ - +CE P,
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with ¢;€P;_q fori=0,...,l and ¢;#0. The Newton polygon N CR x (R U{+oc}) of a is the
lower border of the convex hull of the set of pairs (7,j) with 0<i</and j>v(c;). More
precisely, N is a broken line with vertices (i, jo), ..., (ir, j), where

o 0=ip<---<i,=lI,

o jr=0v(c;) fork=0,...,r,

e foralli=0,...,/ such that c;#0, the point (i,v(c;)) is on or above the Newton polygon.
Any k=1,...,r determines an edge &, between the vertices (ix_1, jk—1) and (i, jk), of slope
(jk— jk=1) / (ix—ix—1). The set of points above the Newton polygon is convex. When cy=0
we have jo= +oo, so the slope of the first edge is —co. In order to establish the usual
relationship between N and the Newton polygons of the factors of 4, we introduce the
following definition.

DEFINITION 7.7. With the above notation, the Newton polygon (ig, jo),- .., (iy, jr) of a € Py is said
to be effectively regular when the elements c;, are initially invertible in Py, and we are given the
normalized initial inverses wy/z"* of c;, for k=0,...,r. If co=0 then we set wy:=0 by convention.

The following lemma extends a special case of a classical result about Minkowski
sums of polytopes due to Ostrowski [63] (translated in [65], and revisited later in [64]).
In our variant we need to take care of “carries” involved by the contact arithmetic.

LEMMA 7.8. Let a= ij o Ck ¢k and b= Zk 0 cf ¢f.1 be contact polynomials in Py Their
respective Newton polygons N, = ((if, j0),..., (i7,,j7,)) and Np= ((z ]0) T’b/ ]l’b)) are assumed
to be regular the slopes of ]\[ are strictly smaller than the ones of Ny, and all slopes are <—;41.
If c§#0, clﬂ =1, co +0, and Clh =1, then the Newton polygon N, of ab equals

Nap= (G, 78+ (6, 18), .., &, %y + (16, 18), ..., (%, &) + (12, 12)).

In addition, the contact polynomial Ll
a+lp

ab _k
ab= Z Ck @i+l
k=0

satisfies in(czabJrl )= in(cf]gc%) fork=0,...,r,and m( 1b+1 ) _in(c?gﬂcf’zkg) fork=0,...,1p

Proof. First of all, note that the hypothesis on the slopes guarantees that the region of the
plane above the Newton polygon

P= ((18/]0) + (101]0 . /(if’a/]‘?ﬂ) + (18/]8)//(1;"“/]?”) + (ll?b/];b‘b))
is actually convex.
Let (i",j*) be a point above N,. Forall k=1, ...,r, we have

j = Jk- 1/]'2 ].’; = (i —if 1) (7.1)
Ik —lk—1

Similarly, for any point @i?, jb) above N and for all k=1,...,r, we have

i = k- 1>]k ].k L (iP—ip_q). (7.2)

Since the slope of the edge ((ik_1, ji_1), (i}, j¢)) is smaller than the slope of ((z'g,jg), (iﬁ’,]‘ﬁ’) ),
fork=1,...,r;, we obtain

b 12]57 j:“:(z )>] ~Ji
l 1o k k—l

(1 —1 ), since i >10
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Combining the latter inequality with (7.1) leads to

b_ o s GEH/0) = (i1 +j0)
0=

ia b .a :b
J +] —Jk-1—] (l,i-f-lg)—(llu( 1+18) (Z +1 _Zk—l_ZO)/

which means that (i* +i ,] +]b) is above the line spanned by (if_1, ji_1) + (10,]0) and
(i, i) + (1'8,]'8). Similarly, since i? <y, and since the slope of the edge ((i _1, j7.—1), (it j7.))
is smaller than the one of ((i;lé_l,jf_l), (i;lé,jllé)), we obtain

]7'11 ]7’11 ( )>]k ]k 1

ll’g ra 1 k—lk 1

] _]”a (1 _lr,,)/
fork=1,...,rp. In combination with (7.2), this yields

b b )

(]k+]7’;’la)_<]k—1+]?a> (la+lb_lll _12 l)
s . s . Ta =177
(z,l§+15)—(z,l{’_1+z‘f)

TR Ly A A

so (i"+i%,j"+ j¥) is above the line spanned by (@, %y + (ip_1, ji_1) and (%, /%) + (i}, j}). So
far, we have proved that (i +i ,U(Cla) + v(cza) )is above P, foralli,=0,...,7;and i,=0,...,7}.
Since c?;; and cf.’g are invertible, for k in i, ...,7; —1, Lemma 4.3 yields

v(cl;clb) v(ci) +o(c; b)

Now consider the contact polynomlal cluc r=e0+e1Qii1€ P, with eg,e1 € P;_1, so we have
v(clac b) v(ep) and v(eq) = v(clac b) Vi1 Because the slopes of P are <—7;41, the point
(if+1,v(eq)) is strictly above L.

Let us fix —9/4+1 < —7:4+1 to a value different from the slopes of N, and Nj. Let us
assume first that —y{,1 is less than the smallest slope of Nj. If —y{;; is less than the
largest slope of N, we let k to be the largest integer such that —7{;1is less than the slope of
((iF_1,ji-1), (it, 1)), otherwise we let k=7,. Let v’ be the corresponding valuation induced
in Py 0’ (¢;) =7; for i<t and v’ (@s41) = 7f+1; we write in’ for the corresponding initial
part. We verify that

v'(a) = v(cip) +7i+1if and in (a)—<m(czﬂ)><m+1/

v'(b)

v(c%) +9{41i) and in'(b)= (in(c.b))gotH,

-b
v(c?;;)+v(c$’3)+’yt’+1(i;‘§+i8) and in (ab)—m(clzclb)goiffo.

v'(ab)
Consequently, Lemma 4.3 implies
(it + 5, v(cin) + v(cfb)) = (i +i8, i+ 75)

belongs to the Newton polygon of ab, and in(c?’ i) = in(cflgc%).

Assume now that —y/,1 is greater than the smallest slope of N then we let k to be
the first integer such that —v/, 1 is greater than the slope of ((i!_y,jt_1), (i%,j2)). Using a
similar argument as above, we may prove that

(if, + i, v(ct) +0(ch) ) = (I, + L, j7,+ 77 (7.3)

belongs to the Newton polygon of ab, and that m(c i) ) = 1n(crac ) This concludes the
proof. O
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LEMMA 7.9. Let (IP;);; be an effectively separable, regular, and irreducible contact tower and let

I -1
A=CiPiy1+CI-1@Pi1+ - +Co

be a contact polynomial with the c; € P;_1 and truncated modulo O(z") with T >d;y. Then, the
effectively regular Newton polygon of a can be computed using

Odd te 1)

operations in K.

Proof. We first compute the initial expansion of P;, that contributes to O 1+€10g(dt%))
from Proposition 6.5. Setiin 0, ...,I. In order to compute the valuation of c; we run over
all its homogeneous components in IP;_; in increasing valuation order. Up to precision 7,
the number of such components is <771 --- . Each such component has <si - - - 5; terms.
Overall the number of zero tests in K is O(ld 7).

From the valuations of the ¢;, the computation of the Newton polygon N does not
involve arithmetic operations in K, but O(llog(Trl ---14)) bit operations (with the usual
“divide and conquer” algorithm). Finally, for a vertex of abscissa i of the Newton polygon
we need to compute the initial inverse of c;. For this purpose we extract b:=in(c; P;_1) /
z"3:% and appeal to Lemma 7.3. a

7.4. Distinct-slope factorization

Leta € P, be clustered at (P;);«; given with its effectively regular Newton polygon N. We
are to show that each edge of N gives rise to a factor of a.

Algorithm 7.1

Input. An effectively separable, regular, and irreducible contact tower (P;);<; along with
its initial expansion; a contact polynomial a = q0£+1 +c1—1 @%1% + -+ 4+co € P; given
modulo O(z") with T>d;7; and clustered at IP;; the effectively regular Newton polygon
of a (whose slopes are all <—d;v;).

Let 0=ip<i;<--- <i,_1<i,=IDbe the abscissas of the vertices of the Newton polygon,
as in Definition 7.7. The normalized initial inverse wy/z"* of c;, is part of the input for
k=0,...,r.

Output. Contact polynomials aj,...,a, modulo O(z"), clustered at PP;, such thata=a;---a,+
O(z"), ¢j,a; admits a single Newton polynomial that coincides with the j-th one of
a forj=1,...,r.

1. If =1 then return a.

2. Leth:=[r/2] and set y;1:=—0y, where 0}, is the slope of the edge between abscissas
ih—l and ih.

3. Compute a;:=in(awy/z"" Py), az:= [¢iJocei,), U1:=Wh, 01:=Kp.

4. Via Corollary 4.14 called with precision O(z7°"), compute contact polynomials

a1 and 4, in P, modulo O(z") such thata=ad14,+ O(z"), 41 is clustered at P, in(dy;
Py) =in(ay; Py), and in(do; Py) =in(ay Py).

5. Recursively call the algorithm with input 4;: the vertices of the Newton polygon
of ay are (io, jo— jn), (i1, j1—jn), - -, (in,0) and the normalized initial inverses are
in(ci, we; Pi—1),...,in(c;, w;,_,; P;_1) rescaled by suitable powers of z.
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6. Recursively call the algorithm with input dy: the vertices of the Newton polygon of
ap are (0, jn), (ins1—1in, ju+1),-- -, (ir— iy, jr), with normalized initial inverses w;,, ...,
Wi, _y-

7. Return the union of the sets of factors returned by the above recursive calls.

PROPOSITION 7.10. Algorithm 7.1 is correct and takes

O(M(ldT)log(ldT)logr)=0(d )

operations in K.

Proof. If r =1 then the algorithm is clearly correct. From now assume r>2. By defini-
tion of the effectively regular Newton polygon, the value of in(a; P;) occurring in step 3
writes as

in(a; Py) = [¢iy Pr—1low@) —inyees @1+ + €0 Pe—1]oa)-

From in(wy,c;,/z") =1 and v(c;) 2 v(a) + (in—J) Yr41 2 0(ci,) + Vi1 for j<ip, Lemma 4.3
yields

v(wpcj) =v(wy) +v(c)) =Kkp—v(cs,) +0(cj) ZKp+ Ve

Then Lemma 3.23 implies val,(wy,c;) 2 v(wyc;) —d;7y: 2> x5, hence step 3 computes an ini-
tial Weierstraf$ context for a.

Let af° and a3° be as in Corollary 4.14: a=a{°a5’, a1 =ai° + O(z"), and dy =a3" + O(z")
hold in step 4. From Lemma 7.8 we know that the Newton polygon of a is the Minkowski
sum of those of a7° and a5 (up to the occasional vertex at infinity of a7° and a). Since the
vertices of the Newton polygon of a have valuation in z <7 (or infinity), so are those of
the polygons of a7” and a5°.

Let k€{0,1} be the first index such that c¢; #0. From val; c;, < T, Lemma 3.23 implies
v(ciy Pi—1) < T+d;y:, whence

val,(wyci /2™ <v(wyci /2" Py < T+diy —v(ciy; Pro1) < T (7.4)

It follows that the Newton polygon of 4; coincides with the one of 4;° for i=1,2, and that
these polygons are effectively regular, with the initial inverses as in steps 4 and 5.

In step 3, for j=0,...,h—1, we compute in(cijwh/z"h; P;_1) with O(M(d 7) log d)
operations in K thanks to Proposition 3.20. The same cost applies to the computation
of in(c;, w;; P;_1) in step 5. By Corollary 4.14, and since 41 <v(c;,) +d: <27, the cost
of the lifting in step 4 is

O(M(ld1)log(dT)).

The depth of the recursive calls is O(log ), so the complexity bound follows from a stan-
dard induction. O

DEFINITION 7.11. Let (PP;)i< be a contact tower, and let a be a contact polynomial clustered
at Py. The distinct-slope factorization of a is made of contact polynomials ay, . ..,a, clustered
at Py such that a=ay - - - a,, the Newton polygon of a; admits a single edge for i=1,...,r and the
sequence of the slopes of these edges is strictly increasing.

COROLLARY 7.12. Let (IP;)i<: be an effectively separable, regular, and irreducible contact tower,
and let a be a contact polynomial clustered at . Then, there exists a unique distinct-slope fac-
torization of a.
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Proof. Since the tower is irreducible, the Newton polygon of a2 can be made effectively
regular, thanks to Lemma 7.3. Consequently the existence of the distinct-slope factoriza-
tion of a follows from Proposition 7.10.

Given a distinct-slope factorization a4y, ...,4,, by Lemma 7.8 the slopes of the 4; are
those of the Newton polygon of a. If 7,1 is set to the opposite of the slope of a; then
in(a; ;) is a Newton polynomial of a of slope —v;11 (up to a power of ¢;,; and up to a
factor in P;_1). The uniqueness of the a; thus follows from the uniqueness of the lifting
of the distinct slope factors. i

7.5. Equal-slope factorization

Consider the factorization of an element a € P whose Newton polygon has a single edge
with finite slope. We have already seen that an initial factorization into pairwise coprime
factors of in(a; ;) lifts into a factorization of 2. We now explain how to obtain this initial
factorization. The contact polynomial a is assumed to be truncated modulo O(z") with
T>d; Yt

We assume that the initial expansion of the contact tower has already been computed.
We extend the map T; (defined in Lemma 6.3) as follows:

T K(@)[@n..., 91/ (05 P)) — Bilz™Lyse1]
@i — Bi=T(p;) forit
Pr41 = Yit1-

We set ;41 to be the opposite of the unique slope of the Newton polygon of

I I-1
A=@1+C1—1@Pp41+ -+ - +Co.

Note that ¢y #0. Let

v(co; Pi—1) R
]:t:rll = 0 lt ! t=Rt’)’t+1 (7.5)

with f;1 prime to 441 >1 and let ¢:=1/r;,1. Note that v(cp) R is an integer. In the next
subsection we shall see that the notation is consistent since r;,1 will be the “next ramifi-
cation index”. _

We compute g; ntf“r” :=Ti(cy,, i) withg;€ Ay, fori=0,...,{—1, and construct

X (i) =Xty + G X+ + 60 € Adlxipal,

so we have

Tuin(a; Py) = /" x (yesa /7). (7.6)
We factor

X :Xl e XS/
where each y; is a power of a monic irreducible factor and the x; are pairwise coprime.
Forj=1,...,s, welet {;:=deg x; and
T— +1¢) +
a;:=T; 1(7‘[? xi(yeen/ ). (7.7)

We compute a; using

ree1d -1 4i-1) re+1(6—1) -1
ai=prt T (o ) ol T 4 T (0,

where y; x stands for the coefficient of xf,1in Xj-
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LEMMA 7.13. For j=1,...,s, the polynomial a; defined in (7.7) is homogeneous, monic in @1,
and of valuation fi 1 {;/ Ry={jv(a) / L. In addition, we have

in(a; Py) =in(ay - - - as; Py).

Proof. The first assertion is clear by construction. The second assertion follows from the
fact that T; is a ring isomorphism that preserves the valuation. O

We next compute the modular inverses
X )—1
== mod y;
Gj ( X Aj
for j=1,...,s. Let us write the expansion of ¢; as follows

4—1
Gi(xrs1) = Gj 1741 + o0 + G0 E Adlxpial<y,
let £>0 be the smallest integer such that f;.1 ¢+ lisa multiple of R; and set

E'— ft+1 {+ 2
=R
From (7.5), we deduce

frar b+ I<0(c)) Re+ Ry < (T+dy i+ D RS QT+ 1) Ry

Recall from Definition 6.2 that 7' = p;z. We further set

+ V4 1’+1(€ 1)
Uj (Pt G4 ft1+>§0t11] +--

1 - A=+ rpy _ +1b+E
AT (o g/ O it 4 17 (07 oY) (78)

so we have

7 ft 140 re1(—-1) 7 ft+]€'+2
Pt Cig T Y +tpp Gomg

Tt41
Pr ”tﬂHg]H‘;( ytfi )

Tt(uj)

From
X(Xt+1)

g](xt+1) X (1)

=1mod x;(xt+1)

we deduce that
~ (. a
Tt(ln(uja_j remy, ., dj ]P’t) )

T (ﬂ) ft+1€]X‘( yt"‘l )

m 7t;
t(aj fr+1

|
—?
-
—~~
=
<

N—

v

ft+1[ ( Yr+1

T Xl =

M b Tt+1 t fr+1

—0_frr1l+? Yit1 T fre1dy Yi+1

pimf g | L , rem /10 [ L1
t+1 fr1d) Y+l T t+1
i Tt X] fr+1 t

T}
p—l’nft+1l'+f
= 0ot 7Tt

zt,
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whence
(a P i
1n(u]~a—j remy,,, a;; ]Pt) =in(T7'(z"); Py) =z"

After a division by a suitable power of z, we deduce the normalized initial inverse of a/a;
modulo g; for j=1,...,s.

The following algorithm makes use of the separable factorization of univariate poly-
nomials: see [54]. In the case of characteristic zero or sufficiently large, that holds in the
present paper, the separable factorization coincides with the squarefree factorization.

Algorithm 7.2

Input. An effectively separable, regular, and irreducible contact tower (P;);<; along with
its initial expansion; a contact polynomial a = @}, +c;_1 @iz1 + - - - + o € P; modulo
O(z") clustered at (IP;);i<;, with T>d;7;; the Newton polygon of 4, with a single edge
of finite slope — ;1.

Output. A factorization of a into clustered polynomials a jat ()i modulo O(z"), each a;
has a single edge of slope —;41 in its Newton polygon and the associated Newton
polygon is the initial power of an irreducible polynomial.

Assumption. The characteristic of K is zero or >I.

1. Compute Ty, 1(a) and x € As[x;11] such that T;;1(a) = 77[[+1€X(yt+1/7ft t+1€).

2. Factor x =x1 - Xs» where yxi,..., X;s are pairwise coprime powers of irreducible
factors of x: this can be done by computing the separable factorization of x and
then the irreducible factors of the separable ones.

P— = (27 ‘
.Forj=1,...,s compute ¢;:= (Xj) mod ;.
.For j=1,...,s compute a; as defined in (7.7).
.For j=1,...,s compute u; as defined in (7.8), and set 6;:= [v(a/a;) + ;741 =v(a) |.

N U1 = W

. Lift the initial factorization of in(a; P;) =in(ay - - - as; Py) into a=4j - - - 4, to preci-
sion O(z") by using Corollary 4.23 at precision O(ZTTlv@ly,
7.Return 4y, ...,4; modulo O(z").

PROPOSITION 7.14. Assume that K holds. Algorithm 7.2 is correct and takes

Od™*e ) + Fx (0d)
operations in K, where { is the degree of the separable part of .

Proof. From the above discussion the required initial Hensel context is known when
entering step 6, so lifting is possible thanks to Corollary 4.23. Using Lemma 3.23 we
verify that

val.([pfs1]a) < o([@fs1]a;Pi1) (7.9)
= v(@;Pi1) —v(a/a;Piq)
< T+Hdiyi— Y41
< T.

It follows that the Newton polygon of 2; modulo O(z") has a single edge of slope —7;,1.
We are done with the correctness of the algorithm.
Let %ﬂ Z:=T,1. Steps 1, 4, and 5 take

Ol (s1--- spltelog(dT)t) = O(ld“elog T)
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by Proposition 6.4. For the factorization of x in step 2, as indicated we first compute
the separable factorization y =¥ 73 - - - i using O(£d'*€) operations in K by [54], and
then factor 7, ..., Xx (which are pairwise coprime). Consequently the cost of factoring
over A;is

Fa,(deg 1) + - - +Fa,(deg %) <Fx (£d).
Step 3 contributes to
O((s1---s)TeM(0) log ¢)

operations in K: this includes the computation of Z;zl % via [26, chapter 10, The-
]

orem 10.10], the remainders by the x; via [26, chapter 10, Theorem 10.6], and s </
modular inversions. Finally, the cost of step 6 follows from Corollary 4.23 and
max;=1,...,s ((5]) <T. Od

rrrrr

DEFINITION 7.15. Let (IP;);<; be an effectively separable, reqular, and irreducible contact tower,
and let a be a contact polynomial clustered at P; having a single edge in its Newton polygon. The
equal-slope factorization of a is made of contact polynomials ay,...,a, clustered at Py such that
a=ay---a,, the Newton polygon of a; admits a single edge of the same slope as a and its Newton
polynomial is the initial of a power of an irreducible homogeneous polynomial fori=1,...,r. These
irreducible homogeneous polynomials are pairwise distinct.

COROLLARY 7.16. Let (IP;)i; be an effectively separable, regular, and irreducible contact tower,
and let a be a contact polynomial clustered at P having a single edge in its Newton polygon.
Then, there exists a unique equal-slope factorization of a, up to a permutation of the factors.

Proof. The existence follows from Proposition 7.14. As for the uniqueness, assume that
ai,...,a,is an equal-slope factorization of a. In the same way as we constructed x from a
in equation (7.6), we define the polynomial x; € A[x;41] of degree ¢; by

Tuin(az Po) = " xi(yesa /),

fori=1,...,r. The x; are powers of pairwise distinct irreducible polynomials, so they
coincide with those computed in Algorithm 7.2. O

7.6. Incrementing the contact tower

After distinct-slope and equal-slope factorizations, we have reduced the general situ-
ation to the case where the Newton polygon of a has a single edge and the associated
Newton polynomial is an initial power of an irreducible homogeneous polynomial. This
allows us to increment the underlying contact tower with a new contact coordinate at
level t +1 and then to pursue the factorization of a2 with respect to the extended tower.
In order to ensure that the extended contact tower is separable, we assume from now on
that the characteristic of K is zero or sufficiently large.

Algorithm 7.3

Input. An effectively separable, regular, and irreducible contact tower (P;);<; along with
its initial expansion; a contact polynomial a = qofﬂ +c1 qofﬂ + - -+ 4+ g clustered at
P; modulo O(z") with T >d;7;, whose Newton polygon has a single edge of finite
slope —7:+1, and such that the associated Newton polynomial is the initial power of
an irreducible homogeneous polynomial.
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Output. An extended tower (P;);i<¢+1 modulo O(z"), still effectively separable, regular,
and irreducible, and such that a is clustered at it of degree I /d; 1 in ;0.

Assumption. The characteristic of K is zero or >I.

1. Compute T;(a) into the form 7t} '”f)((ytﬂ/nt 1), with x € Ay[xp41].

2. Compute the separable factorization y = p"*!, where y is irreducible and sepa-
rable, according to the assumptions.

3.Set sy q:=deg u=1"0/msi1, dey1:=7¢115:41 as above, and compute

Dy i= Tt—l(nthStH ]/l(}/t+1/ 7t} t+1))_

4. Extend the contact tower with ®;,1 and extend the initial expansion accordingly.

5. Make level t +1 of the tower effectively separable by computing the inverse of 9P

9Pt+1
modulo ®;, .

PROPOSITION 7.17. Algorithm 7.3 is correct and takes

Odd te 1)

operations in K.

Proof. By construction, ®;,1 is homogeneous of valuation f;11s:+1 R in K[z, ¢1,...,@11],
and (P;)i<s41 satisfies all the requirements of Definition 3.1. The incremented tower
remains effectively regular, since the known initial inverse of c¢ straightforwardly yields
an initial inverse of ®;,1(¢1,...,¢:0). We extend the initial expansion at level t +1 accord-
ingly. The initial inverse in step 5 does exist because y is separable.

Steps 1 and 3 contribute to
Ol (s1---s) *€log(d 1) t) =O(d *log 7)

by Proposition 6.4. Step 2 takes O(M({) log ¢) operations in A; by [54]. The cost of step 5

is O(1d**€log(l9:41)) = O(ld'*€log T) by Lemma 7.4. Finally, a is initially equal to @/
whenever ;2 >d; 1741, which means that a is clustered at Py 1. O

7.7. The central shift algorithm

In principle, Algorithm 7.3 might introduce a new contact coordinate ®;; of degree one
in @;41. For complexity reasons it is better to avoid this from happening. As outlined in
the introductory sections 2.5 and 2.6, we now work out the central shift algorithm.

Let (P;)i<: be an effectively separable, regular, and irreducible contact tower. Let
a=q¢ (pf+1 +ci1 q)iﬂ + -+ +cobe clustered at PP;. An initial root of a is an element f € P;_4
such that

I -1
[cif e f™ 4+ +colowpy =0.

If b=ch i1 +ci 1@t + - - - +¢f is a Newton polynomial of a, then an initial root of b is
an initial root of a regarded with 7,1 set to the opposite of the slope of b. One key idea
behind the central shift algorithm is the following lemma, that will be used in a “divide
and conquer” fashion in the subsequent algorithm.



JORIS VAN DER HOEVEN, GREGOIRE LECERF 63

LEMMA 7.18. Let a be a contact polynomial clustered at P, and let f be a non-zero initial root of
m(a Py) of multiplicity 1 > 1. If the characteristic of K is zero or >, then f is an initial root of

agt = of multiplicity [ —h, for h=0,...,L

Proof. Set ;41:=v(f;P;). Lemma 5.7 implies

h hoah
in d—’i; P, | =in (dg‘”“) a—h”; P, |. (7.10)
def des 991
Since the tower is separable, we know from Lemma 5.4 that dd(p—t;] is initially invertible,
h
hence f is an initial root of in(j—;; IP’t) of multiplicity h. i
1

Algorithm 7.4

Input. An effectively separable, regular, and irreducible tower (P;);<; a contact polyno-
mial a € P; clustered at PP; and of degree [>1 in ¢;,1 modulo O(z"), with T >d,;yy; we
assume that in(a; Py) =in((¢s11— f)l; Py), where f is initially invertible in P;_;.

Output. An effectively separable, regular, and irreducible tower (]f))i)l‘gt such that ]f”l- =1P;
fori=1,...,t—1, and the non-zero initial roots of the Newton polynomials of a have
multiplicity <I/2.

1. If I=1 then replace ®; by ®;— f and return (P;);<;.

2. Let h:=1[1/2] and compute the Weierstrafd normalization b of — modulo 0164
via Corollary 4.14. The initial context is made of dot

I d h
ay:=in((@ie1— )75 Py, az::in( =y ( Cﬁ:l) ;Pt—l),

and the normalized initial inverse u1/z% of a5 in P;_1.

3. Call the algorithm recursively with input (P;);<; and b modulo O(z"). Let (Pi)igt
be the tower obtained in return.

4. Compute the effectively regular Newton polygon of a in P; modulo O(z%) via
Lemma 7.9.

5. Compute the distinct-slope factorization of a in P; modulo O(z7) with Algo-
rithm 7.1.

6. If all the non-zero initial roots of the Newton polynomials of a have multi-
plicity <I/2, then return (P;);<; modulo O(z").

7. Otherwise, compute the factor  modulo O(z") of a of degree [in @++1 whose initial
is the I-th power of a linear factor ¢;,.1— f with [>1/2, f non-zero, and where ;1
is set to v(f; P;_q).

- - - s
8. Let h:=1— (I—h) and compute the Weierstrafs normalization b of % modulo O(z7)

via Corollary 4.14. The initial context is made of .

= . It (d@i )l
ap: —1n((§0t+1—f)l ~hp ) az::m((i_fl)!( dqoq;:l) }Pt—l)/

and the normalized initial inverse i1 /z% of d, in P;_1.

9. Call the algorithm recursively with input (;);<; and b modulo O(z7). Return the
tower (IP;);<; obtained in the output.
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PROPOSITION 7.19. Algorithm 7.4 is correct and takes

Od™¢1)
operations in K.

Proof. If the algorithm exits at step 1, then a= ¢;,1 when regarded in the returned tower.
Since v(f; P—1) >v(Py P;—_1) the initial form of the returned P is the same as the initial
form of the input value of ®;, hence the returned tower is effectively separable, regular,
and irreducible. The Newton polynomial of a cannot have non-zero initial roots with
respect to the returned contact tower, so the output is correct.

The initial Weierstrafy context in step 2 follows from equation (7.10). If the algorithm
exits at step 6, then the output is clearly correct. Let us now examine the situation when
the algorithm does not exit at step 6.

In step 7,Lemma 7.18 ensures that f is a non-zero initial root of a Newton polynomial

of — of multiplicity I—h, regarded in P,. Since Vie1> Vil f is a non-zero initial root

of a Newton polynomial of b of multiplicity [ — k. As a non-zero initial root of a Newton
polynomial of 2 modulo O(z") we necessarily have val ( f az) < 7T, hence

U(flaz; Pt—l) <T+ dt')’t
by Lemma 3.23. From Lemma 4.3, we deduce that

U(]El; Pi_1) <T+diy—v(a2) <71,
and consequently that

Valz(fi‘h) gv(fi‘h; Piq)<T.

It follows that f is a non-zero initial root of a Newton polynomial of b of multiplicity I—h
modulo O(z"), hence that I —h < (I —h) /2. Consequently,

I<(+h)/2. (7.11)

We verify that h=I—(U-h)>1/2—(1-h)=h—1/2>-1,50h>0. In step 8, the contact
polynomial b has degree [ —h=1—h in ¢;,1. By Lemma 7.18, inequality (7.11), and by
following the same reasoning as for b, a non-zero initial root of a Newton polynomial of
i in P; has multiplicity

U= /2+h=+h)/2=1—U=h)/2<d+h)/2—(1—h)/2=h<I]/2.

Let us now examine the Newton polynomials of a in P;. For this purpose, by means of
Corollaries 7.12 and 7.16, we may decompose a into

a=a_a-da,,

where a_ has Newton polynomials with slopes <—%;,1, where a; has Newton polyno-
mials with slope >—%;,1, and where a- has a single Newton polynomial of slope —7:1
but that does not admit f for initial root.

The initial of @ := &, — ®; is f, so its valuation is ;4. Therefore the Newton polygon
of a_ in P, has a single edge of slope —j;,1. We also verify that the Newton polygon of
a— in P; admits a single edge of slope —7;1. Then, the Newton polygon of a, in Py is the
same as in ;. Finally the Newton polygon of  in IP; has slopes <—%7t+1. Consequently
the non-zero initial roots of the Newton polynomials of a in IP; cannot have multiplici-
ties >I/2. We are done with the proof of the correctness.
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From Lemma 5.4 we have

in(dq)tﬂ) :in(@ ... _acbl)
dgq Q¢ 291 )"

deis
- d¢
O(d 7) operations in K from the precomputations attached to (P;);<;. The needed ini-

tial Weierstraf3 contexts in steps 2 and 8 can be obtained with O(/d T) operations in K
thanks to Proposition 3.20 again. The corresponding Weierstrafs normalizations take fur-
ther O(ld ) operations in K by Corollary 4.14.

Let C(I) represent the cost of the algorithm with input a of degree I. In step 1, the cost
is C(1) =O0(d 7). In step 4 the effectively regular Newton polygon can be determined
with cost O(d**€ 1) by Lemma 7.9. Step 5 amounts to Old ) by using distinct-slope
factorization and Proposition 7.10. In step 6, we appeal to the equal-slope factorization
but discarding the irreducible factorizations: in fact, having a root of multiplicity >I/2
is equivalent to having a separable factor of multiplicity >/2, that can thus be read off
from the separable factorization. So Proposition 7.14 provides us with a cost O(1d'*€ 1)
for steps 6 and 7. Consequently the cost C(I) of the algorithm in degree [ in ¢, 1 satisfies

Therefore, by using Proposition 3.20, the initial inverse of ~ can be obtained with

CH=CU=h)+Ch) +0ud "< 1).

We conclude by a standard induction. O

8. CONTACT FACTORIZATION

We are now in a position to present our top level algorithm for contact factorization.
The distinct-slope and equal-slope factorizations are intertwined in order to increase the
current contact tower and split the input polynomials. The process finishes once the
polynomial to be factored is a power of the top level contact coordinate, up to the input
precision. The central shift algorithm ensures that the “divide and conquer” approach
only incurs a logarithmic complexity overhead.

8.1. Recentered Newton steps

The main step of the contact factorization is summarized in the following algorithm.

Algorithm 8.1
Input. ()< effectively separable, regular, and irreducible; a contact polynomial a =
g0£+1 +c_1 gofuﬂ + -+ +co€ Py modulo O(z") clustered at PP;, with 7>d;;.
Output. A set R of contact factors (2, (]Pi(j ))igt) with precision O(z%) for j=1,...,n such
that:
a) (Pi(j))igt—1 = (Pi)ig—1, forj=1,...,m;
b)a=a®...a™ 1 0@=H);
¢) a'” is clustered at ]P’t(j), forj=1,...,n;
d) The Newton polygon of a" with respect to (]P’l-(j ))z‘gt has a single edge whose
Newton polynomial is an initial power of an homogeneous polynomial of degree ¢;

in @11,
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e) If the Newton polygon of ") has a non-zero initial root, then its multiplicity is
<max(l/2,1).

Assumption. The characteristic of K is zero or >I.
1. Initialize R with the empty set.

2. Compute the effectively regular Newton polygon of 2 modulo O(z") via
Lemma 7.9, and then the distinct-slope factorization of 2 modulo O(z") by using
Algorithm 7.1. Let A be the set of factors obtained in return.

3. For each b in A, compute the equal-slope factorization of b over (IP;);<; by using
Algorithm 7.2. Let 3 be the set of all resulting factors along with their multiplic-
ities.

4. For each b in 3 of multiplicity written m:

a.If m<1/2, then insert (b, (P;);<;) in K.

b.If m>1/2 (so b is an initial power of a polynomial of degree one in ¢;1), then
call Algorithm 7.4 and append the resulting factorization to R.

5. Return R.

PROPOSITION 8.1. Assume that K holds. Algorithm 8.1 is correct and takes at most

OUd™ ey +Fr((y+ -+ + £, d)

operations in K.

Proof. Properties (a) to (e) are satisfied by construction. Step 2 takes O(d'™¢ 1) by
Lemma 7.9 and Proposition 7.10. Step 3 totalizes OUdd™e 1) + Fx((fy+ -+ £, d) by
Proposition 7.14. Step 4 contributes to O(Id'* T) by Proposition 7.19. |

8.2. Main algorithm
Our top level algorithm finally makes a repeated use of Algorithm 8.1.

Algorithm 8.2

Input. (P));<; effectively separable, regular, and irreducible; a € IP; clustered at I’y modulo
O(z"), of degree [ in ¢;1, with T >d; ;.

Output. An irreducible contact factorization of 2 modulo O(z").

Assumption. The characteristic of K is zero or >I.

1. Initialize R and & with the empty set.

2. Call Algorithm 8.1 and let (a, (]P’;j )>z‘<t) denote the returned contact factors for
j=1,...,n.

3.Forj=1,...,m:
e If 2" is a power of got(i)l then insert (2", (Pz‘(]))igt) into 8.
e Otherwise, call Algorithm 7.3 with 2" and (]P’l-(j ))igt and let (]P),-U ))igt +1 be the
returned tower.
e If ¢ equals @t(i)l then insert (a”, (Pf]))i<t+1) into 8.
o If CPt(fr)l has degree 1 in ¢;41 and writes <I>t(f‘r)1 = @¢4+1— f, then replace <I>t(j ) by
®” — f and insert the pair (a7, (Pz‘(]))igt) into R.
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e Otherwise insert the pair (a'/, (]Pl-(j >)i<t +1) into R.
4. Call the algorithm recursively for each element of R. Include the returned factors
into 5.
5. Return &.

PROPOSITION 8.2. Assume that K holds. Algorithm 8.2 is correct and takes at most

Owld)! e 1) +2Fk (1d)

operations in K.

Proof. On the one hand, if the initial of a” is a power of a degree one polynomial, then
according to the specification of Algorithm 8.1 we have

degq,ma(j) <max(l/2,1).

On the other hand, if 2" is an initial power of a polynomial CIDt(_]B 1 of degree >2, then

@)
deg,, ,a() =480
Pr+2 -

Consequently the depth of the recursive calls is O(log ). Let us analyze the valuation
of U(th(fl ;Py). If CID,VEQ1 comes from a proper distinct-slope factor or a proper equal-slope
factor of a then inequalities (7.4) and (7.9) ensure that

diy17i41= U(q)t(i)ﬁ P;) <.

Otherwise a has a single slope and its initial is separable, so n=1, <I>t(i)1 =a and this case

does not yield a recursive call. We conclude that the algorithm behaves as specified.
Discarding factorization costs, step 2 takes O(Id'*€ 1) operations in K, by Proposi-
tion 8.1. In step 3, by Proposition 6.5, for each j=1,...,n the initial expansion of (]P’l-(j ))i<t<f>
takes O((d)1*€) where d represents the degree of (IP’i(j >) i< By Proposition7.17, the
cost of Algorithm 7.3 is O (dy1+€ 1y, where 1Y denotes the degree of a in its main
variable q)t({]-))ﬂ. The total cost of steps 3 is
n
O Z 2 (d(j))1+eT

j=1

=0(dd)!*¢1).

Let (b7, (]P’l-(j))igtm) for j=1,...,m denote the elements of R when entering step 4. By
construction we have

m
Y degy, b deg P <ld.
j=1

If T(I,d) represents the cost function of the algorithm (still discarding factorizations), we
have shown that

T@h=0d* 1)+ ) T(degy, b degPh),

1<jgm

and that T(1,d) = O 7). Unrolling the recursion O(log) times leads to

T, d)=0(1d) " tlogl) =O((d)*1).
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Let us now turn to the cumulated cost ®(/,d) of factoring separable polynomials over
algebraic extensions of K during the execution of Algorithm 8.2. Let us show by induc-
tionon d and [ >2 that

& (1,d) <Fi(d) +Fx((1-2)d). (8.1)
This is easy if [ =2, so assume that / >2. We recall that
Fr (1) + - +Fx () <Fr(h+---+1)

holds for any positive integers [y,..., . Assume first that a has a non-trivial distinct-slope
factorization a=ay - - - a4, during Algorithm 8.1 and let I, ..., Iy be the degrees of ay, ..., a;
in ¢¢41. Then the induction hypothesis implies

dd) < Py,d)+ -+ Py d)
Fr(l1d) +Fr(d (I1—2)) + - + Fr(d ) + Fx (d (k—2))
Fx(id+- +Ld) +Fr (1 =2+ -+ 1t =2)d)

Fr(ld) +Fyx(ld—2kd)

Fx(ld) +Fx(d-2).

/

NN IN

Assume next that the Newton polygon of a has a unique slope and that the associated
Newton polynomial is the m-th power of an irreducible polynomial of degree >2, for
some m > 2. Then the induction hypothesis yields

d,d) = d(/m,md)
< Fx(d) +Fr((I—2m)d)
< Fx(d)+Fx((I-2)d).
Assume finally that the Newton polygon of a has a unique slope and that the associated
Newton polynomial x has at least two distinct prime factors. Consider the separable
factorization
X=xixd--xk

and let [y, ..., I be the degrees of xi,...,xxin ¢;+1. Note that [+ --- + [, >2 and

*Ld)< Y Frd+ Y dUd, ).

1<j<k 2<j<k
Applying the induction hypothesis, this again yields
od) < Y Fx(id)+ ) (Fx(jjd) +Fel;(j—2)d)

1<j<k 2<j<k

EK( > l]-jd)+l_:K( > (ljd+l]~(j—2)d))

1<j<k 2<j<k

N

Ex(ld) + FK( y (ljj—lj)d)

1<jgk

Frdld) + FK((Z— y zj) d)

1<j<k

< Frdd)+Fx((1-2)d).
We conclude by induction that (8.1) indeed holds. ]
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Proof of Theorem 1.1. Theorem 1.1 is a consequence of Proposition 8.2 by applying Algo-
rithm 8.2 with input a = P and the trivial contact tower of height zero. O

8.3. Approximate roots

We explain how Abhyankar's approximate roots theory could improve our contact fac-
torization algorithm in some cases. If f € K[x] is a monic polynomial of degree [ and if m
is a divisor of I that is invertible in K, then there exists a unique polynomial g of degree

[/m such that

l l
deg(f—gm)<%(m—1):l—%. (8.2)

This polynomial g is called the m-th approximate root of f. In particular, g is monic and
the g-adic expansion of f is of the form

f=8"+ fu-28"" 4+ fo,
where f;€ K[x]<i/m. Let f(x) ::xlf(l /x), that is the reverse of f, and g(x) := xl/'”g(l /X).
Condition (8.2) is equivalent to
- !
fy=gwm+o(xm),

which means that g is uniquely determined by §(x) := [ £ (x)"™10,;/m+1, whenever K is a
perfect field. The computation of the m-th approximate root of f can be done using the
Newton operator if m is not 0 in K: we define the sequence (/)0

hO::f(O) =1, hi+1::hi+hif(1 —fhlm)/m+O(x2i+1)'

A standard computation shows that this sequence converges quadratically to f /™. The
computation of ¢ by this method takes O(M(I/m) log m) operations in K. Let us now
extend this construction to contact coordinates.

LEMMA 8.3. Let a € Py be monic of degree | in @41, and let m be a divisor of | that is invertible
in K. Then, there exists a unique b € Py monic of degree [ /m in ¢;1 such that

deg,,,,(a—b") <I-1/m.
Proof. The condition rewrites
deg(IT(a) —I1(b)") <d (I-1/m),

and we have deg(Il;(a)) =d 1, deg(I1y(b)) =d[/m. Therefore I1;(b) is uniquely deter-
mined as the m-th approximate root of I1;(a). O

In the context of Lemma 8.3, the b-adic expansion of a has the form
a=b"+a,_rb™ 2+ +a,.
The algorithmic purpose of approximate roots is as follows. Suppose that
in(a) =in(b™)
for some b € P; monic in ¢;.1. We can add one level to P; with

(OMREE b and Yt+1:= v(b) /deg</)r+1 b.
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We write a’ for the image of 4 in P;,1 and examine the Newton polygon of a". If we had
in(a") =in((@re2+0)"),
with some c € P, this would mean that
[ﬂ’]O;mv(c)+e =[(b+ C)m]O;mv(c)+e = [ﬂ]O;mv(cHe/

for some sufficiently small positive value of €. In particular, the b-adic expansion of a

would be

[alo;mo(c)+e = [Z (721) Cm_ibil

i=0 0;mo(c)+e

whence
[a10;(m—1yob)+0@) 4 = [B™ + 1™ 0. 0n—1y0b)+0(0) +e-

The latter equality is not possible since it contradicts the fact that b is an approximate root
of a.

Consequently, the Newton polygon of a4’ cannot have a single edge with a Newton
polynomial of the form in((¢;42+c)™). Either it has at least two edges, or a single edge
but the initial factors of the Newton polynomial have multiplicity <m. For the situations
similar to the one of section 2.5 these computations are expected to be faster and easier
than the central shift method.

9. IRREDUCIBLE FACTORIZATION

In this section we consider a monic and separable polynomial A€ K[[z]][x]. We are inter-
ested in computing the irreducible factorization of A modulo O(z”) for some requested
precision ¢. Our strategy naturally relies on computing a contact factorization of A for
a sufficiently large precision. We begin with analyzing the precision loss induced by
the distinct slope and equal-slope factorizations.

9.1. Roots and contact representation

Let A€ K[[z]][x] be monic and separable, and let (IP;);<; be a contact tower. Let K((z))
denote an algebraic closure of K ((z)), we still write val, for the extended valuation.

LEMMA 9.1. Assume that T17 '(A) is clustered at P, If yeK((z)) isaroot of A, then
val(Yi(¥)) Z7vit1,
fori=0,...,t. Inaddition, for all B€ K[[z]][x] we have

val,(B()) > ov(IT7 1(B); Py).

Proof. From Lemma 7.5 we know that Iy L(A) is clustered at Py, hence
oI5 (A); Po) =dy - - dymyam,

where m;,1:= deggoHl(Ht_l(A)). Since A(y) =0, necessarily val,(¥o(¢)) =1 holds.
Assume that the lemma holds up to some index i€ {0,...,t —1}. From Lemma 7.5, the
contact polynomial 17 1(A) is clustered at P;. Let us canonically write

— li 11—1
I1;71(A) = Qiy1+CL-1Qir1 + -+ Co,
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where l;:=d;1---dymyy 1 and ¢;€ P;_1. By induction we have
val (IT;_1(c;)) (¥)) Z0v(c;; Pi1) 2 i= ) viv1s
for j=0,...,I;—1. Since
A) =)+ T () () ¥i( ) - + i1 (o) () =0,
necessarily val,(¥;(¢)) = ;41 holds. Let B& K[[z]][x] be canonically written
7' (B) = chlyr +Cro1 i + - +0,

with ¢j € P;_;. Thanks to the induction hypothesis, we verify that

val,(B(y)) = val,(IT;—1(cy) () ‘I’i(w)”+1—[i_1(c;z_1)(¢)‘I’i(l,b)”_1+---+Hi_1(06)(¢))
> min (v(cy; Pi_q) +nyi41,0(cn-1; Pic1) + (1—1) Yig1, ..., 0(co; Pi—1))
= o171 (B); Py).
Finally the lemma holds for index i + 1. O

If (P;)i<¢ is a separable, regular, and irreducible contact tower, then Lemmas 4.3
and 7.3 imply that v is a valuation of K ((z))[x] that extends val..

PROPOSITION 9.2. Let (IP;);<; be a separable, regular, and irreducible contact tower and let F :=
I1¢(@t41). Then v is the unique valuation of K ((z))[x]/(F) that extends val, and we have

Valz(ReSx(A,F))

v(A) = Jeg. F ,

forall Ain K((z))[x]/ (F).

Proof. Proposition 7.2 ensures that F is irreducible. By setting ;1 to infinity we obtain
that v is a valuation of PP;/ (¢¢+1). The uniqueness and the resultant-based expression are
well known; for instance, see [53, chapter XII, Corollary 6.2]. |

9.2. Discriminants

Let A be monic in K[[z]][x] and clustered at an effectively separable, regular, and irre-
ducible contact tower (P;);<;. We assume that —7;, 1 is larger than or equal to the smallest
slope of the Newton polygon of A. As before, a stands for the image IT;(A) of A in Py,
whose degree in ¢, is written .

LEMMA 9.3. With the above notation, the following inequality holds:

val,(Disc, A) > 1d (v( dg;“) +0(a) —%+1)-

Proof. Poisson's formula for resultants yields

9A 9A
Resx(A<x>,g<x>)= [T 5x®-
A(p)=0
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Thanks to Lemma 5.7, we deduce:

Valz(Resx(A(x),%—i(x) ) )
1—[ (d¢t+1 oa
o dx a(Pt+1

det1 da
g A(%‘:o (U( dx )+U(a§0t+1)) (by Lemma 9.1)

d
> ¥ (v( g;“)w(a)—ml)

A@)=0

d
> Id (U(%)+U(ﬂ)—’yt+1). O

> Valz[ )(‘Yo(lﬁ),---,\Ft(l/J))

Next, we consider A1 and A, monic in K[[z]][x]. Let a1 and a, stand for the canonical
representatives of A; and A; in Py, of respective degrees I; and I in ¢;11. In the sequel,
we define [g0?+1] a; to be the constant coefficient of a,, when regarded as a univariate
polynomial in ¢y, 1.

LEMMA 9.4. With the above notation, if the slopes of the Newton polygon of ay are <—y;11 and
the slopes of the Newton polygon of ap are =—y;41, then we have

val,(Resy(A1(x),Ax(x))) =l do([¢Pi1] an).

Proof. Again, we use Poisson's formula for the resultants:

Resy(A1(x), Ay(x)) = (=1)deAdesde T Ay (y),

Ax()=0
It follows that

Res (A1 (x), Ax(x)) = (=)dghdeexz [T ay (Fo(y), ..., ¥u(yh)).
Ax(¥)=0

Let Ay 1,..., Ay be the distinct-slope factors of A; (as in Definition 7.11) and letay 4,.. .,
ay i stand for their image in P;. We verify that:

val;(Resy(A1(x), Ax(x)))

val| [ a(%o),..., ¥i(y))

Ax()=0

Z val,(a1(Yo(y),..., ¥ (¥)))

Ax(9)=0

WV

k
Z Z val (a1 (Yo(y), ..., Ye(¥)))

j=1 As j()=0

k
> > ) val(¥p)"

j=1 Az j(§)=0

>hy > val(¥uy)).

j=1 Aj()=0

=~
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By Lemma 9.1, if ¢ is a root of A, ; then val,(¥;(¢)) is larger or equal to the opposite of
the slope of the single edge of the Newton polygon of a3 ;, that is

o([@li1] az,;)

val, (¥ (y)) > deggy,, a2,

It follows that

k 0

0 an i

val;(Resy(A1(x),Ax(x))) > 1) degyAy; é[eflgﬂ]aj,])
j=l Pt+1%4,]

k

= hd) o([plla)
j=1

= lldv([(p?H] as). (by Lemma 4.3) O

In the rest of the section, we study the precision loss encountered in each Newton
factorization. For a partial factorization A = A; A, with monic A; and A5, the following
well known formula will be used several times:

Discy (A1 Aj) = Discy (A7) Discy(A) Resy(Aq, Ar)>. (9.1)

9.3. Precision loss during distinct-slope factorization

In the sequel ¢ represents the precision at which the irreducible factors of the input poly-
nomial are required. Let a in P; be given modulo O(z") with

T >val,(Discy(A)) + 0o,

where A:=11;(a). We assume that the Newton polygon of a has been computed. Fol-
lowing Definition 7.11, we let a; stand for the product of factors of a with slopes <—741
and let a, stand for the product of factors of a with slopes >—1;,1, hence a =aya;. Let
l1:=degy,,,a1>1and lr:=deg,,, a2>1, let uy/ z% represent the normalized initial inverse
of a,.

According to Corollary 4.11, we may obtain a; with precision O(z™), where
T1:=T—01=7—|v(az) +d; ).
Setting A;:=11;(a;) fori=1,2, equation (9.1) and Lemma 9.4 imply

val,(Discy A7) val,(Discy(A1A3)) —val,(Discy Ap) —2val,(Res,(A1,A»))
val,(Discy(A1A3)) —2val,(Res,(A1,A))
T—0—-2dlLv(ay)

T1+ [v(a2) +diyi] — o —2d 1l v(ay)

T1— 0+ (v(ap) +diy—211v(ay)).

N N

N

Since [, > 1 we have v(ay) = v([(p?H] az) =d; 7y, that yields
71 = val,(Disc, (A1) + 0.
We also compute a, with precision O(z), where 7;:= 71, and the same calculation yields

7o > val,(Discy(Ar)) + 0.
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LEMMA 9.5. With the above notation, let a € P; be given with precision O(z") such that
T >val,(Disc,(ITs(a))) + 0.

Then, Algorithm 7.1 computes truncations of the distinct slope factors ay,...,a, of a modulo some
O(z™) such that

T2 1; 2 val,(Disc,(I1(a;))) + o,
fori=1,...,r.

Proof. We apply the above precision analysis in the “divide and conquer” fashion used
in Algorithm 7.1. a

9.4. Precision loss during equal-slope factorization

Now we examine the precision loss during the equal-slope factorization. The input is a
polynomial a clustered at P; and which has a single slope —v;.1 and known with preci-
sion O(z") such that

T>val,(Disc, A) +0.

Let a4, ...,a, represent the equal slope factors of a as in Definition 7.15, and set [;:=
degy,,, a;. By Corollary 4.23 the contact polynomial a; can be computed with relative
precision O(z™) where

Ti:=7—0; and é;:=|v(a)—v(a;) +1iyie1l=1v(a)]
fori=1,...,r. Setting A:= I Ya) and A;:=T17 Ya;) fori=1,...,r, Lemma 9.4 implies that
val;(Resy(A/Ai(x),Ai(x))) = (I-1;)dv(a;)
= (I=-Idlivis
Since
2= Li=I=(=1p ==+ (=1 li=1)=U=1i=1) + ;- (;+1)) 20

and J; <v(a), we obtain that

T, >val,(Disc  A;) + 0,
fori=1,...,r.
LEMMA 9.6. With the above notation, let a € P; be given with precision

T >val,(Disc(A)) + 0.
Then Algorithm 7.2 computes the equal-slope factors ay, .. .,as modulo O(z™) such that

T, > val,(Discy(A;)) + 0.

Proof. In fact Algorithm 7.2 computes the equal-slope factors of a with a precision higher
than the one requested here, but the above discussion leads to the lower bounds. O

9.5. Approximate irreducible factorization

We are now ready to prove Theorem 1.3. We assume that P € K[[z]][x] is monic and
separable of degree 1 in x and known modulo O(z") where 7:=val,(Discy P) + c. We
combine Theorem 1.1 with the above precision analyses.
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Proof of Theorem 1.3. We apply Algorithm 8.2 with entry P€ K[[z]][x] modulo O(z"),
and with the trivial contact tower of height zero. The above precision analyses for the
intermediate steps of the contact factorization algorithm, namely Lemmas 9.5 and 9.6,
show by induction that all intermediate factors A of P occurring in the top level algo-
rithm are computed along with a contact tower (IP;);<; of degree d with precision O(z")
such that

T >=val,(Disc, A) + 0.

Such a factor is proved to be irreducible when it has degree one in ¢;1. In this case, by
inequality (3.3), the coefficients of A are uniquely determined up to precision in z at least

val,(Discy A) + 0 — (d1—1)y1— - = (di—= 1),

which equals

. d¢t+1
val,(Discy A) + 0 — v( I ),

by Lemma 5.4. On the other hand, Lemma 9.3 yields

. d¢t+1
val,(Disc, A) > v( dx ),

so the precision of A is at least O(z”) as claimed. Note that the central shift algorithm
does not produce factors, so it does not involve any loss of precision. O

10. CONCLUSION

The contact factorization presented in this paper is subject to further improvements.
A first research direction concerns the design of a contact factorization algorithm that
would not rely on univariate irreducible factorization, by using the directed evaluation
paradigm of [46] instead; so the computed contact towers would not be necessarily irre-
ducible any longer. Another research direction concerns the design of fast algorithms
for the contact coordinates in the vein of [45, 46]: we could avoid the conversions to
plain coordinates and their precision loss. Another research direction concerns fields
of small positive characteristic p > 0.
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