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Abstract. Classically, the well-posedness of variational formulations of mixed linear problems is achieved
through the inf-sup condition. In this note, we propose an alternative framework to study such problems
by using the T-coercivity approach. This is a constructive approach that leads to the design of suitable
approximations in a simple way. In general, the derivation of the uniform discrete inf-sup condition for the
approximate problems stems straightforwardly from the study of the original problem. To support our view,
we solve a series of classical mixed problems with the T-coercivity approach. Among others, the celebrated
Fortin Lemma appears naturally in the numerical analysis of the approximate problems.

Résumé. Classiquement, le caractéere bien posé des formulations variationnelles de problemes linéaires
mixtes est obtenu a l'aide de la condition inf-sup. Dans cette note, nous proposons un cadre alternatif
pour étudier de tels problemes en utilisant la notion de T-coercivité. Il s’agit d’'une approche constructive
qui permet en outre de concevoir simplement des approximations numériques adaptées car la dérivation
de la condition inf-sup discréete uniforme découle en général directement de I'étude du probléme continu.
Pour appuyer notre propos, nous résolvons une série de problemes mixtes classiques grace a la notion de T-
coercivité. Entre autres, le lemme de Fortin apparait naturellement dans 1’analyse numérique des problemes
discrets.

2020 Mathematics Subject Classification. 65N30, 35]57, 76D07, 78M10.

This article is a draft (not yet accepted!)

1. Introduction

Traditionally, the well-posedness of variational formulations of mixed linear problems is achieved
through the inf-sup condition, also called stability condition [2, 11, 34]. As a matter of fact,
proving this condition allows to derive existence and uniqueness of the solution, and continuous
dependence with respect to the data. On the other hand, the way this condition is established
depends on the problem to be solved. The analysis of such problems can be performed either
following a monolithic approach, namely studying the all-in-onebilinear form incorporating the
constraint, or by studying the constrained part of the problem separately.
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2 Mathieu Barré and Patrick Ciarlet

In this note, we focus on the monolithic approach and investigate the mixed problem’s well-
posedness based on the T-coercivity framework. The principle of this framework is to find an
explicit realization of the inf-sup condition for the all-in-one bilinear form. Of equal importance,
in the T-coercivity framework, is the design of suitable approximations of the original problem.
Indeed, with the help of the explicit realization of the condition for the original problem, one
can get useful insight on how to derive the so-called uniform discrete inf-sup condition for the
approximate, or discrete, problems set in finite-dimensional vector spaces. Thus, convergence
of the approximate solutions to the exact one follows under well-known principles in numerical
analysis, such as Céa’s Lemma (or a variant), and a basic approximability property of elements of
the original space of solutions. To summarize, although the T-coercivity approach may not bring
new result to the theory of variational formulations, it proposes an entirely constructive way to
study them theoretically and also on how to approximate them efficiently.

So far, the T-coercivity approach has been mainly applied to two categories of lin-
ear problems. First, for problems involving an invertible operator and a compact per-
turbation, see eg. [12-14, 20, 30, 37]. Then, for problems with sign-changing coefficients,
cf. [5-10, 15-19, 21, 23, 29, 36]. For the second category, we observe that well-posedness and
(efficient) approximation of the variational formulations has actually been achieved with the
help of the T-coercivity approach. Up to the authors’ knowledge, this approach was only applied
to mixed problems in [31, 33]: in the first reference, it is applied to the specific case of neutron
diffusion, whereas the second one focuses on perturbed saddle-point problems.

In this note, we apply the T-coercivity approach to general mixed problems, including unper-
turbed and perturbed saddle-point problems. In particular, we will explain the connections with
the classical theory, for which we use [4] as the reference textbook. Among those connections,
we note that the celebrated Fortin Lemma will appear naturally in the (numerical) analysis of the
discrete problems.

Let us introduce some notations. Given a Hilbert space V, we denote by (-,-)y and | - |y the
scalar product and the norm on V, and by V' its dual space. In a product space V x W, we use the
norm

2 2 \1/2
I, wllvew = (Ivl7 + lwlfy)

)

and similarly for the scalar product. Vector-valued function spaces are written in boldface char-
acter. A connected, bounded, open subset of R? with a Lipschitz boundary is called a domain.

Let Q be a domain with boundary Q2. We denote by n the unit outward normal vector field to
Q. Let I2(Q) and L2(Q) be the set of square-integrable real-valued and R9-valued functions on
Q. The natural norm in L2(Q) or L%(Q) is denoted by [ - I, and we let

2@ = {VELZ(Q),f vdx=0}.
Q

In what follows, unless otherwise stated, the standard Sobolev space H& (Q) is endowed with the

norm v — [|Vv|, that defines a norm that is equivalent to | - | ;1 ) thanks to Poincaré’s inequality.
The dual space of H, 1(Q) is denoted by H Q). Similarly, H(l)(Q) is endowed with the norm

v— (Zizlyd [IVv; ||2)1 2, that defines a norm that is equivalent to | - || ;1 Q> and its dual space
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Mathieu Barré and Patrick Ciarlet 3

is denoted by H™!(Q). We introduce the usual Sobolev spaces for vector-valued fields [1]
H(div;Q) = {v e L*(Q), divv € [*(Q)},
Hy(div;Q) = {v e H(div;Q), v-n=00n 0Q},
H(div0;Q) = {v € H(div;Q), dive = 0},
H(curl;Q) = {ve L*(Q), curlve [*(Q)}, ford=3,
Hy(curl;Q) ={ve H(cur;Q), vxn=00n0Q}, ford=3.

)1/2

Unless otherwise specified, H(div;Q) is endowed with the norm v — (||v||2 + |dive]|? and

H(curl; Q) with the norm v — (|| v|| + |curl v||2)"/%.

The outline is as follows. In Section 2, we introduce the T-coercivity approach, and explain
how it can be applied to solve the Stokes problem theoretically. Then, in Section 3, we develop
the abstract framework underlying the approach for mixed problems, including saddle-point,
augmented and perturbed ones. In Sections 4, 5 and 6, we propose some applications, respec-
tively to electromagnetism, nearly-incompressible elasticity, and diffusion. Then, in Section 7,
we propose the natural extension of the T-coercivity approach for the conforming approxima-
tion of mixed problems. As before, we begin by the Stokes problem, then we consider the nu-
merical analysis for mixed problems in general, before describing how the approach can be ap-
plied to electromagnetism, nearly-incompressible elasticity, and diffusion. We conclude by a list
of further extensions and recent applications of the T-coercivity approach.

2. T-coercivity for the Stokes problem

The starting point of our study is to propose a T-coercivity approach to solve Stokes problem. Let
Q c R? be a domain. We consider the Stokes problem with homogeneous Dirichlet boundary
conditions: given a prescribed body force f € H™'(Q), find the velocity u € H'(Q) and the

pressure p € L(Z)(Q) such that
-vAu+Vp=Ff, inQ,

divu=0, inQ, (1)
u=0, onoQ,
where v > 0 denotes the fluid’s viscosity.

The standard method to solve Problem (1) — see [27] — consists in a one-plus-one approach.
The problem is split into a coercive part

a(u,v) = vf Vu:Vvdx
Q
and divergence constraint terms of the form

b(v,q) = —f gdivvdx,
Q
so that the weak formulation of Problem (1) reads: find (u, p) € Hj(Q) x L%(Q) such that
a(u,v)+bw,p)=(f,v), YveH)Q), o
b(u,q) =0, Vqe L5,

where (:,-) denotes the duality productin H, (l)(Q). The well-posedness of Problem (2) then follows

from Ladyzhenskaya-Babuska—Brezzi’s theory [2, 11, 34] since the bilinear form a is coercive on

H(l) (Q) and the bilinear form b satisfies the inf-sup condition
b )

inf —(v 9)

=f 3)
qeL M0} ye i oy IVVIIIGN =
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4 Mathieu Barré and Patrick Ciarlet

for some constant § > 0.
Here, we are going to give an alternative proof that Problem (1) is well-posed by analysing the
all-in-one bilinear form defined on Hé(Q) X L%(Q)

d((u,p),(v,q))zv[ Vu:Vvdx—f pdivvdx—f gdivudx
Q Q Q

instead of splitting it into two bilinear forms a and b as in (2). This bilinear form is not coercive
since

A(0,p),(0,p)) =0, VpeLi(Q).
For this reason, we use the notion of T-coercivity [19,20], which can be seen as a reformulation of
Banach-Necas-Babuska’s theory. The definition and the main property of T-coercivity are recalled
below.

Definition 1. Let W be a Hilbert space and let </ (-,-) be a continuous bilinear form over W x W.
We say that of is T-coercive if there exists a bijective operator T € £ (W) and a > 0 such that

lof (u, Tu)| = allull?,, YueW.

Proposition 2. Let W be a Hilbert space. Let ¢(-) be a continuous linear form over W and </ (-,-)
be a continuous bilinear form over W x W. The problem

FindueW such that
VveW, o (u,v)=4~4(V)
is well-posed if and only if o is T-coercive. If so, it holds that

Ce
leellw = —IITII, 4)
a
with Cy the continuity constant of the linear form ¢. When the bilinear form </ (-,-) is in addition
symmetric, the requirement that the operator T is bijective can be dropped.
2.1. Proving well-posedness with T -coercivity

With the T-coercivity tool in mind, we are now ready to establish the main result of this section.

Theorem 3. The problem

{Find (u,p) € Hy(Q) x LZ(Q)  such that )
Y(v,q) € HY(Q) xL3(Q), o ((u,p),w,q)=(fv)
is well-posed and
2 max(\/ivcgiv, Cai(2+Vv*CZ) 1/2)
1, P <12 ) = min(2C2_1) 11 - ©6)
Proof. The linear form defined by
(v, ) =(f,v), VY,q) eHQ),xLiQ)
is continuous over Hy(Q) x L3(Q) in view of the inequality
(@) < If g1 @@ Dl g @iz - @

The bilinear form < is continuous over (H(l) (Q) x Lg (Q))2 and we observe that it is also symmetric.

Then, from Proposition 2, it is sufficient to show that the bilinear form «/ is T-coercive. For
a given (u,p) € H(l)(Q) X L%(Q), we look for an element (v*,g*) of Hé(Q) X L(Z)(Q) depending
continously on (u, p) and such that

A ((,p), 07,07) = @l @, P ), 12
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for some constant a > 0. In order to get an intuitive idea of the construction of (v*, g*), let us start
with specific elements (u, p).

. _ 2 _ 2
If p =0, then || (u, p)”Hé(Q)ng(Q) = ||Vu|© and

o (u,p), ", q9) :vf Vu:Vv*dx—f divug* dx,
Q Q
so that we can take v* =uand g* = p=0.

° = 2 — 2
Ifu O,thenIl(u,p)IIHé[Q)XLg(Q) I pll© and

o((u,p), 0", q") = —fQ pdivr* dx.

In order to recover the expected term || pll2 in the above expression, we have to choose
v*, the divergence of which is "as close as possible" to p. To that aim, we use the result
below, see for instance [27, Corollary .2.4]. Let p € L%(Q). Then, there exists vy, € H(l) Q)

satisfying
- dive, = p. (8)

In addition, there exists a constant Cg;y > 0 independent of p such that
”vvp” = Cle”p” 9)
The idea is now to choose v* = vy, where v, is as in (8)-(9). Hence, taking q* =0, we find

A ((u,p),@*,q") =pl?
and (9) ensures that the pair (v, 0) depends continously on (0, p) in H(l)(Q) X L(Z)(Q).

o Ifdivu =0, then
d((u,p),(v*,q*)):vf Vu:Vv*dx—f pdive* dx.
Q Q

Since we need to get a term of the form V|2 but also of the form || pllz, we combine the
previous two cases by setting v* = Au+wv,, where A is a positive coefficient to be adjusted
and v, is the divergence lifting from (8) - (9). Now, we compute

o ((w,p), ", q") = V/lf Vu:Vudx+vf Vu:vadx—/lf pdivudx—f pdive,dx
Q Q Q Q

=vAIVul? +v/ Vu:Vv,dx+|pl?
Q

since dive = 0 and —divv, = p. For all > 0, Young's inequality implies that

1
f Vu: Vo, dx = —L|Vul? - — Vo,
Q 2 2n
n c2.
=~ Vul? = -2 p|? in virtue of (9),
2 2n

and thus
2
* % _Q 2 _VCdiV 2
o ((u,p), (0", q")) 2 v (A=) IVul +(1 =" )upn.

we obtain

Vv2C2, 1
oA((u,p),w*,q") = %Wun2 + EIIPIIZ-

Hence, by settingn = A = vC3

iv’

Note that this result holds for any g* € L% (Q) depending continously on p.
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6 Mathieu Barré and Patrick Ciarlet

In the general case, we choose v* = Au+ v, with A = vC(Zﬁv and g* = —Ap so that, even if
divu # 0, the term —A [, pdivuedx cancels with the term — J, divaeg* dx and we get the same
results as in the case divu = 0. Namely, the bilinear form f is T-coercive for the mapping

T: H)(Q) x L5(Q) — Hy(Q) x L3(Q)
(1, ) (VG + vy ~vCly ),
where v, is defined by (8) with estimate (9), and it holds that

V22
o ((u,p),T(u,p)) = %
Thanks to (8)-(9), T belongs to £ (Hé (Q) x L%(Q)). More precisely, we have
2
Hy(Q)
<2(vC3 )% IVul® + 21V, + (vCE )% I pIi?

<2(vC3 )2 IVul® + (2C5, + (vC3)%) Ilpll?

||Vu||2+3||p||zzlmin(vzcz-,1)||(u,p)||21 sene  (10)
2 2 div HY (@) <L2(Q)

IT(w, pII? = |vCi u+v,l3, o+ IVCS Pl

HYQ)xL2(Q)

and thus )
Tl < max(v2vCE, Ca(2+v2CE,)""2). (a1

Using (7), (10) and (11) in the stability estimate (4), we finally obtain (6). O

Remark 4. The previous result readily extends to the case of a non-null divergence constraint
—-vAu+Vp=f, inQ,
divu=g, inQ,
u=0, onoQ,
with g€ L(Z) (), leading to the stability estimate
2 202 172
2max(\/§deiV, Caiv(2+v*C3,,) )

min(v2 Céiv, 1)

Il (ze, P)”H(l)(g)ng(Q) = ||(f;g)"H—1(Q)ng(Q)- (12)

2.2. Comments

The stability estimates (6) and (12) are valid for all Cyjy, that fulfills (9). On the other hand, one has
2 max( V2vC3,,, Cai(2+V2C5,) 1/2)
Caiv—00 min(v2C; ,1)
i.e. the stability estimates become meaningless for large Cgiy.

Going through the proof of Theorem 3, we observe that the constant obtained in (6) and (12)
is just one of the many bounds one can achieve with T-coercivity for the Stokes problem. Indeed,
one can choose any positive value of A: hence, there exists a family of admissible operators T, in
the sense of Definition 1, which shows the flexibility of the approach.

Let us provide an illustration. For small viscosity v (the domain Q being fixed), it is well-known
that the stability constant appearing in the estimate

lim = +00,

1, D gt @< 12 < CONNE O a1y 200

behaves likes O(v™1). For instance, for the velocity u, the result is elementarily obtained by taking
the test field (v, g) = (u, p) in (2). On the other hand, in (6) and (12), we find a behavior in O(v~2).
But, if one is interested in obtaining a less severe blowup, one can simply choose

2
VCdiV

1
n_ﬂl——%) and A—z(l-i—?’])
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Mathieu Barré and Patrick Ciarlet 7

in the above proof, for all 0 < v < 1. Then, one finds that
1
V2

so that (4) actually yields a stability constant in O(v™1!).

v
a=~ and [Tl < max(

1
2 2 2 \2y1/2
> (1+Cdiv)’(zcdiv+Z(1+Cdiv)) )v

Theorem 3 provides a fully constructive proof for the well-posedness of Stokes problem, which
is an emblematic example of mixed problem. In the next section, we show that the T-coercivity
approach employed here is in fact very general and can be extended to a large class of saddle-
point problems.

3. Abstract framework

We start with the classical statements regarding the definition of saddle-point problems, and
the equivalent conditions to ensure an inf-sup condition. Then, we proceed with the design of
abstract operators T to ensure well-posedness for saddle-problems, and for augmented saddle-
point problems.

3.1. Saddle-point problems in Hilbert spaces
Let V and Q be two Hilbert spaces. In the Hilbert space Q, we introduce the canonical isomor-
phism Ty : Q — Q' defined by

(og—o P Poo=Pp.9q YpeQ, VqeQ,

which is a bijective isometry according to Riesz Theorem. As a matter of fact, its inverse 1g/_.q is
also a bijective isometry, and

(IHQ’ﬁQg:q)Q:Qg!q)Q’,Q’ VgE Q,, VqEQ
We then introduce two bilinear forms a(:,-) on V x V and b(:,-) on V x Q that are assumed to
be continuous, i.e. there exist C, > 0 and Cj, > 0 such that

a(u,v) = Cyllulviviy, YueV,VveV, (13)
b(v,q) < Cplvivliglle, YveV,VqeQ. (14)
We denote by A and B the linear continuous operators associated with a and b, defined by
Ae LWV, V), (Au, vy =auv), YueV,VveV,
Be2(,Q), (Bu,q)g,o=bw,q), VYveV,VqgeQ.
The adjoint operator of B is given by
B* e 2(Q, V"), (B'q,v)y,yv=(Bvq)qyo=bv,q), YveV,VqeQ.
Given f € V' and g € Q’, we consider the saddle-point problem: find (u, p) € V x Q such that
Au+B*p=f, inV/,
BZ = ; inQ'. (15
Or, equivalently, in variational form:
Find (u,p) € Vx Q such that
YveV, a(u,v)+b,p) = vy, (16)
VgeQ, blu,q)=(gqq.q-
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8 Mathieu Barré and Patrick Ciarlet

As for the Stokes problem, we write Problem (15) as an all-in-one variational formulation
Find (u,p) € Vx Q such that
{V(v, NeVxQ, A (w,p),wq)=(f)vy+(&D0o 4
where
o ((u, p), v, q)) = alu, v) + b(v, p) + b(u, ).

In what follows, we show that Problem (17) is well-posed using the notion of T-coercivity, with
slightly different techniques depending on the assumptions made on the bilinear form a.

Regarding the form b(-,-) and the operator B, one has the well-known result below, see for
instance [27, Lemma 1.4.1]}, which can be viewed as a reformulation of Banach’s Closed Range
Theorem.

Theorem 5. The following three statements are equivalent:
(i) There exists > 0 such that

b )
inf —(v )
a€Q\0 yevrioy IVlvIglo

zp. (18)
(ii) B:(KerB)' — Q' is anisomorphism, and
IBvlig = Blvly, Vve (KerB)*.
(iii) There exists an isomorphic operator Lg : Q' — (Ker B)* such that
B(Lpg)=g and |glg=plLlsglv, Ygeq'.
Since our aim is to build operators T from V x Q to itself, we first introduce the operator
B=1lgp_goB:V—Q.
ForallveV, [Bvlg = g —qBv)llg = IIBvlg and, forall (v,q) € V x Q,
b(v,q) =(Bv,q)q,0 = (lo—o'BV), )¢ ,0 = BV, q)q.
Whenever applicable, we also introduce its right-inverse
Lg=Lpolg_q:Q— (KerB) .
Observe that
b(Lep,q) =(BLp, @), = o—@' P D@0 = (P Do VpeQ, VqeQ. (19)
Under these notations, items (ii)-(iii) of Theorem 5 now write

(ii) B: (KerB)! — Q is an isomorphism, and
IBulig = Bliviy, Vve (KerB)*. (20)
(iii) There exists an isomorphic operator L : Q — (KerB)~ such that
Blpg)=q and llqlqo=plLsqlv, VqeQ. 21
For convenience, we often use 8 = é‘l, so that

ILzgllv <Bligllo, YgeQ.

Item (iii) below is a rephrasing of the original statement, because it is better suited for our purposes. For details, see
the proof of Lemma I.4.1. of [27] p. 59, item 2°. The operator Lp is a right-inverse of the operator B.
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3.2. How to achieve T-coercivity for saddle-point problems?

If a is coercive on the whole space V, we can extend the proof of Theorem 3 in the following way.

Theorem 6. Assume that (18) holds true and that the form a is symmetric and positive. If there
exists a constant « > 0 such that
a(u,u)zallullz, YueVv, (22)
then there exists a unique solution to Problem (17) and
2max(\/§Ca,62,,6(2 + CZﬁz)l/z)
min(aC,[02,1)

Proof. First, we note that the symmetry of the bilinear form a implies that &/ is also symmetric.
Then, we follow the same ideas as in the proof of Theorem 3, replacing v, by Lg p. We introduce
the mapping

(e, P)lIvxq = 1, &) vixqr- (23)

T:VxQ— VxQ
(u, p) — (Au+Lgp,—-Ap)
and we compute
o ((u, p), T(w, p)) = alu, Aw) + a(u,Lgp) + b(Au, p) + b(Lgp, p) — b(u, Ap)
= Aa(u, u) + a(u,Lgp) + I pl,

in view of (19).

Because the form a is symmetric and positive, we can apply Young’s inequality: for any n > 0,

a(u,Lpp) = —ga(u, u) — %a(LBp,LBp).

Taking into account (13) and (21), the latter being equivalent to (18), we get

aLpp,Lgp) < CallLpplly < Cufllpllf,
and thus

Caf? |
n

a(u,Lpp) = —ga(u, u) — >

2
Il
Hence, recalling (22), if A — 7 > 0 it follows that

C 2
o ((a,p), T, ) 2 @ (A=l + (1 - ;’—:) 11

Setting in particular n = A = C, 8%, we infer that

Cafp? 1 1
o ((u, p), T(w, p)) = a“Tﬁ Il + S 1Pl = 5 min(@Caf®, DI, Py gy (24)

which proves that < is T-coercive.
Since T(u, p) = (Cof?u+Lgp,—CaB?p), it holds that

IT(, P)IF o = ICaB?u+Lppllf, + 1CaBpl
<2(Caf*lully +20LaplT + (Caf??1plI5,
<2(Caf™ Il + (26° + (Caf?) I P17,
which yields
T smax(\/icaﬁz,ﬁ(2+c§ﬁ2)”2). 25)
Lastly, we observe that

vy +& Do < 1Ol 10, P llvxg- (26)
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10 Mathieu Barré and Patrick Ciarlet

Combining (24), (25) and (26), the stability estimate (4) furnishes exactly (23). U

Remark 7. By applying Theorem 6 to Stokes problem, we recover stability estimates (6) and (12)
from the correspondence a = v, C; = v and f = Cyjy.

In Ladyzhenskaya-Babuska—Brezzi’s theory and in many applications, the bilinear form a is
not coercive on the whole space V but only on the kernel of the operator B. This is for instance
the case in electromagnetism, which will be detailed in Section 4. The next result shows how to
address this situation in the T-coercivity framework (provided that the form a is symmetric and
positive), thus establishing the equivalence between the two theories.

Theorem 8. Assume that the form a is symmetric and positive.
1. If (18) holds true, and if there exists a constant ay > 0 such that

alug, uo) = aolluglly, Vug € KerB, 27
then the form < is T-coercive. In other words, Problem (17) is well-posed and
Il(w, P llvxo = CIf @llvixgr (28)

with C a constant depending only on ay, B, C, and Cy,.
2. Conversely, if Problem (17) is well-posed, that is, if the form <f is T-coercive, then (18) and (27)
both hold.

Proof. 1. We consider the mapping
T:VxQ—VxQ
(u, p) — (Au+Lpp,—Ap+ AuBu).

This is almost the same mapping as the one used in the proof of Theorem 6. The only difference
is the term ApBu, which is going to help us handling the extra terms that do not belong to the
kernel of B by adjusting the value of the constant p. We get

af((u, p), T(u, p)) =a(u,Auw) +a(u,Lgp)+ b(Au, p) + bLgp, p) — b(u,Ap) + b(u, AuBu)
= Aa(u, u) + a(u,Lpp) + | plig + AplBully,
because b(Lgp,p) = | pllf2 as previously, and
b(u,Bu) = (Bu,Bu)y o = (lg—q(Buw),Bu), = IBullp.

Since the form a is symmetric and positive, one may use Young’s inequality. By proceeding as
in the proof of Theorem 6 and after setting A = C, 8%, we know that

Cafp? 1
Aa(u,u) + a(u,Lpp) + I plgy = “Tﬁa(u, W+ 1Pl

from which we deduce

o T >C“ﬁ2 2lBul2) + 2 pI2
((w,p),T(u, p)) = 5 (a(u, w) +2pl uIIQ)+§IIpIIQ.

To compensate the lack of coercivity of a outside KerB, we use the decomposition u = 1 + i
with 1 € KerB and it € (KerB)*. Following [4, p. 254], Young’s inequality yields

a(u, u) = a(ug, up) +2a(ug, i) + a(it, )

> (1-0)aluo, up) + (1 - %)a(a, )

C
> (1-0)aug, up) + (Ca - 7“)":1“%
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for all 0 < @ < 1. Since ug € KerB, we have ||BuIIZQ = ||Bll||é. Moreover, using (20) yields ||Bi|? >
B2l1@l?,. Thus

a0+ 2plBul?y = (1~ O)atug, ) + (Ca= G+ ﬁ—”)n al’?. 29)

Choosing 0 = % and pu = %Cuﬁz, it holds that

a(u, u) + 2ul|Bull? = 1a(u ug) + %nanz
’ H Q= 2 0, 40 2 v
Hence, recalling (27) and using the inequality C, = a, we obtain
2 _ %o 2 %, -2 _ Qo 2
a(u, u) +2plBully = ?II uplly + 7IIMIIV = Tllullv
and we conclude that c ,3
o ((u, p), T(u, p)) = ap—=—ull?, + —||p||Q (30)
From the above, we have
3
T(u, p) = (Cafu+Lpp, —Caff’p + Z(Caﬁz)zBu).
Finally, T belongs to £ (V x Q) since |Lgpllv < Bliplq (see (21)) and?
IBullg = Cpllully. (31)
The stability estimate (28) is then given by (4).

2. Conversely, suppose that there exist ay >0, ag >0and T € Z(V x Q) such that

o ((w,p), T(w, p)) = avlulf, +aglply, Yuw,peVxQ. (32)

Noting T: (u, p) — (Tv(u, p), To(u, p)), we have
o ((u, p), T(w, p)) = a(u, Ty (u, p)) + b(Tv (u, p), p) + b(u, To(u, p))
and, since T is bounded,
1Ty (e, I, + 1 Tow PG < ITIP (Il + 1 pI7). (33)
Now, choosing u =0 in (32) and (33) yields
b(Tv(0,p),p) = aollpllé and (Tv(0,p)llv =IITIl-lIpllg, YpeQ.

Thus, for p € Q\{0}, Ty (0, p) # 0, otherwise b(Ty (0, p), p) = 0, which contradicts b(Ty (0, p), p) > 0
Then it follows that
bw,p) _ b(Tv (0, p), p)
vevviop lvlly: = Ty (O, Py |||T|||
which shows that the inf-sup condition (18) is fulfilled. Likewise, taking p = 0 and u € KerB in (32)
and (33), we get

a(u, Ty (w,0) = aylul, and [Tv(w,0)lv<ITllulv, YueKerB.

||P||Q, VpeQ\ {0},

By symmetry and positivity of a, it holds that

a(u, Ty (1,0) < (a(u, )" af

a(Ty (u,0), Ty (1,0))""%.

2Classically,
IIBuHQ (Bu,Bu)q = (lg_ o/ (Bu),Bu)yr o by definition of 1g_, o,
= (ﬂQﬁQr o ﬂQ!_,Q(Bu),Bu)Qr‘ (Bu,Bu)Qr,Q since ﬂQﬁQ/ o 1]Q/_,Q = Ier,
=b(u,Bu) = CpllullyIBullg by definition and continuity of b (14).
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Thus

aviul? < a(u, Ty (w,0) < (atu, w)"*(Call T Nu)?) "

2
and hence a(u, u) = ﬁ II ull%, for all u € KerB, which proves (27). O

Remark 9. The T-coercivity estimate (30) is very close to the case where a is coercive on the
whole space V. As a matter of fact, the only difference compared to (24) is that the constant before
the term || ull%, is twice as small, with ay = a.

3.3. Augmented saddle-point problems

Let c(-,+) be a positive and continuous bilinear form defined on Q x Q, namely
c(p,p)=20, VpeQ and 3IC.>0, c(p,q)=<Cclplolqglo, YpeQ,VgeQqQ. (34)
We denote by C the linear operator associated with the bilinear form c, defined by
CeZQ,Q), (Cp.aygq=cp,@), VpeQVqeQ.

The all-in-one approach developed previously also enables us to deal with augmented saddle-
point problems: given f € V' and g € Q’, find (1, p) € V x Q such that
Au+B*p=f, inV/,
=1 .y (35)
Bu-Cp=g, inQ,
where the operator C possibly acts as a small perturbation of the original saddle-point problem
(15). The weak formulation of (35) reads:
Find (¢, p) € V x Q such that (36)
V(U, Q) eV x Q) dc((u) p)r (Vr CI)) = (fr U)V’,V + <g; q>Q’,Q)
with
e((u, p), (v, 9)) = alu, v) + b(v, p) + b(u, q) — c(p, ).

As before, the bilinear form a is supposed to be symmetric and positive.

3.4. How to achieve T-coercivity for augmented saddle-point problems?

Once again, we distinguish the case where the form a is coercive on V or only on KerB. If the form
a is coercive on V, the results from the un-augmented case allow straightforwardly to handle the
augmented one.

Theorem 10. Assume that (18) holds true and that the form a is symmetric and positive. If there
exists a constant « > 0 such that

aw,w) zaluly, YueV,
then there exists a unique solution to Problem (36).
Proof. With the same operator T as for the un-augmented problem, namely
T:VxQ—VxQ
(w,p)— (Caf*u+Lsp,~Caf’p),
it holds that
e((u, ), T(w, p)) = Caf* a(u, w) + a(u, Ly p) + I pllg + Caf*c(p, p)-
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Therefore, a similar argument as in Theorem 6 furnishes

Caff? 1
e, p), T(u, p)) 2 a“Tﬁ Il + S 1Pl + CaBc(p, p),

which shows that <, is T-coercive since c is positive. U

Remark 11. A particular case that appears in many applications — see Section 5 for the example
of nearly-incompressible elasticity — is when c has the form

cp,g)=ep,q)qg €=0.

In this case, we obtain the estimate

Caf®, o (1 2 2
Le((u,p), T, p)) z 5 llully +| 2 +eCab” | Ipllg, 37

so that the augmentation ¢ improves the constant before the term || pII2 and thus stabilizes the
bilinear form /.. Moreover, the above estimate is robust for small values of €. Besides, it even
allows to take negative values of €. Indeed, if € < 0, we have

Caf?
2

A ((w,p), T(u,p)) = a lul? +

1
5 —|e|caﬁ2) Ipl.

Hence, the bilinear form <7, remains T-coercive whenever |e| < ﬁ
a

Let us now suppose that a is not coercive on the whole space V but only on the kernel of B.
Then, two different situations occur. Either the form c can be viewed as a small perturbation, and
we shall look for a solution of (35) that is close to the solution of the original problem (15). Or
this is not the case, and the form c is viewed as a “fixed” augmentation, and there is no obvious
connection a priori between the solutions of the augmented and un-augmented problems.

3.5. Additional results for small perturbations

We say that c¢ is a small perturbation if it can be written as
cp,q)=¢eco(p,q), €>0, (38)

with € a small parameter and ¢y a symmetric, positive and continuous form on Q. We start with
the simple case

cp,q)=¢€lp,q)q, €>0, (39)
for which the T-coercivity approach yields a shorter proof than the corresponding result stated in
Ladyzhenskaya-Babuska-Brezzi’s framework, see [4, pages 247-252].

Theorem 12. Assume that (18) holds true, that the form a is symmetric and positive, and that c
takes the simple form of (39). If there exists a constant ay > 0 such that

alug, up) = aplluglly,, Vug € KerB, (40)
and if € is small enough, namely
e (2~ %) 41)
- anﬁ4ci Ca ’

then Problem (36) is well-posed and
I, Pllvxq = CI(f, Q) llvrixgr (42)

with C a constant depending only on ay, B, C, and Cy,.
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Proof. Here again, we consider the mapping
T:VxQ—VxQ
(u,p) — (Au+Lgp,—Ap+ AuBu).

The beginning of the proof is the same as in Theorem 8. Taking into account the extra terms
coming from the perturbation, we get

e((u, p), T(w, p)) = Aa(u, w) + a(u, L p) + | plly + Al Bully + Ac(p, p) = Auc(p,Bu).
Using Young’s inequality and setting A = C,8?, it follows that

Caf?
2

e((u, p),T(u,p)) =
Now, as in (29), it holds that

1
(at, w) +2ul Bully) + S 1Pl + CaB*c(p, p) = Cafpe(p,Bu). (43)

Cqa 2
au, u) + 241 Buly = (1-0)alug, uo) + (Ca— =% + L)1l (44)

0 p? )
forall 0 <0 < 1, where u = ug + @t with ug € KerB and iz € (KerB)~L.
Knowing that c(p, q) = €(p, q) ¢ for all p and g in Q, Young’s inequality implies that, for all § > 0,

c(p,Bw) = —c(p,B) = —&(p,Bi)g = 66|| 12 - = B2
p - p, = p, Q= p Q 25 0
2
—E—IlpllQ—e a3 inview of (31).

Putting (43), (44) and the above inequality together, we find that

2 Ca 2u C:
oe((w ), T, p)) 2“2 ((1 0)alug, uo) +(Ca - +E—ue§)nan%)
+ 51l +eCaf? (1~ 3 ) I
Hence, choosing 6 = % u = C, 8% and recalling (40), it holds that
ﬁ B*Chy 1 5
te{(,p), T, p)) 2 =2 | ol + CaL ==L )1l | + S 1pIG +eCab? (1= Ca?5 I
(45)
Finally, we set 6 = ﬁ2 so that
5§ 1 B*C; 1 «a
2 0
].—Caﬁ Ezz and 1-¢ 5 =1-¢ Caﬂ Cb_z C_a
in virtue of (41). Thus
Caf? 1 C.p°
e, p), T(w, p) = @ ’f ||u||zv+(5+s“7ﬁ)npn2@, (46)

where we used that |u[1?, = lugll? + l@l?.. All in all, we have chosen
T(u, p) = (Caf?u+Lpp, —Caff*p + (Cof*)*Bu).

Then, estimate (42) follows from (4) with a stability constant independent of € since (46) is robust
for vanishing € and since [|T|| does not depend on ¢ either. O

Remark 13. The final estimate (46) is very close to (37). The only difference between these two
estimates is a factor of 2 between the constants multiplying the norms of u and p, with ay = a.

Remark 14. In Ladyzhenskaya-Babuska-Brezzi’s framework, it is commonly assumed that € < 1.
On the other hand, in (41), we find a smallness condition that depends explicitly on the various
constants of the problem.
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Remark 15. The inf-sup condition (18) and the continuity of b imply that 8 < Cy, i.e. C,5 = 1.

Therefore, (41) yields in particular )

= Cap?
which corresponds to the condition found in Remark 11 for negative values of €. As a matter
of fact, the non-coercivity of a on the whole space V calls for the introduction of a term Bu in
the mapping T. This term induces an additional term of the form c(p,Bu) in the expression of
.szfc( (u, p), T(u, p)), that can be interpreted as a “negative perturbation” of the bilinear form <.

Now, we move to the case where c is given by (38). Let us denote by C,, the continuity con-
stant of the bilinear form ¢y. The next theorem establishes the well-posedness of the perturbed
problem for a very general form cy.

Theorem 16. Assume that (18) holds true, and that the bilinear forms a and cy are both symmetric
and positive. Suppose in addition that there exist ay > 0 andyo > 0 such that

alug, uo) = aolluglly, Vug € KerB,
and

co(po, po) = Yollpollé, Vpo € KerB*. 47

If e is small enough, namely
1

£s ————, 48)
2Cc,Cap*C?

then Problem (36) is well-posed and
(e, P)llvxq = CIf @) lvixg
with C a constant depending only on ay, B, yo, C, and Cy,.

Proof. First, we adapt the beginning of the proof of Theorem 12 to take into consideration the
bilinear form ¢. Since ¢ is symmetric and positive, we can use Young’s inequality to obtain

~ 0 £ o
_C(p,Bu):_ECO(p,Bu)QZ_EECO(p,p)_%CO(BU;BU)
5 Ce, C?
=~z co(pp)-¢ °2°5b||a||zv since [Bitlj < Cyllally,
and thus (45) becomes
CaP?(a CoB°Chy
de((w, p), T(u, p)) 2 "Tﬁ(7°|| t 1+ Cal1 —e%)uun%)

Lo 2 2 20
+51pIG + £Cab? (1= Caf* S eap, ),
where T is the mapping
T:VxQ—VxQ
(u, p) — (Caﬁ2u+LBp,—Caﬁ2p+ (Ca,Bz)zBu).

Setting 0 = ﬁ as before, we get the estimate
Cap? 1 Cap?
Ae((w, p), T(u, p)) = ao ‘f Il + Ellpllé +e ”zﬁ co(p, p),

aslongase < g—z), which is the case under the assumption (48) since ag < C.

—1 -

2CeyCaP*C
Then, as the bilinear form c¢j is not necessarily coercive on the whole space Q, we use the

decomposition p = po + p with py € KerB* and jj € (KerB*)*. From Young’s inequality, we have

AT
co(p, p) = (A =0)co(po, po) +| Coy = —5~ | 1Pl
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1

forall 0 <6 < 1. Setting 6 = 5 and using (47), it follows that

Caf> » 1.
dc((u,p),T(u,p))zaoTllullv+§llpllQ+e

2
o (X0 iy~ ey 1)
Now, we notice that
Lipiz = 2ipiz + 21p12
2R = gtPlQ T g 1FIQ
and that, thanks to (48),

Caf?
2

3 1 3 _ 3 3 _
51PlG =5 Z1PlG = eCe Caf*Cyy- LD = 65—+ 5 Cay Pl

because Cp, [ = 1. Hence

CaB*, o 1. 5 Caf® (Y0 2, (3 2
Ae((w, p), T(u, p)) = ag 2 luly+gliplg+e= (7llpollQ+(§Cc0—CCO)IIPIIQ)
C, B2 1 Cap? .
>ag ‘ZB ||u||%,+(§+€}fo Lf )IIpIIZQ since C¢, = Yo,
which shows that o, is T-coercive. O

Lastly, we mention that an important consequence of the previous result is to estimate the

distance between the solution (u,, p,) of the perturbed problem
Aug+B*pe=f, inV/,

€ pe=f . , (49)

Bu,—-€eCops =g, inQ,

and the solution (u, p) of the original saddle-point problem (15) as a function of the penalty
parameter €.

Corollary 17. Assume that (18) holds true, that the form a is symmetric and positive, and that ¢
takes the form of (38). If there exist ay > 0 and vy > 0 such that

alug, ug) = aollugly, VugeKerB,  co(po, po) = yollpollly, Vpo € KerB*,

and if
1

£ ———,
2C,, Ca,B4CIZ)
then we have
lu—tellv +11p— pellg < Ce, (50)
with C a constant depending only on ay, B, Yo, Ca, Cp and Cy,.
Proof. Subtracting (49) from (15), we find that (1 — u, p — p¢) solves the system
A(u—ueg)+B*(p—pe) =0, inV’,
B(u—u;) —eCo(p—pe) =—£Cop, inQ'.
From Theorem 16, we infer that
(1= ue, p— pe)llvxg = CIIO, —eCop) v
with C depending only on ay, §, Yo, C, and C;. Thus
(= ue, p— pe)llvxg = CCeelpllo,
which proves (50). O
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3.6. Case of a “fixed” augmentation

If the bilinear form c is given, the extra terms of the form c(p,Bu) arising from the previously
considered T-coercivity operator can not be controlled as before, because there is no factor ¢ to
adjust. Below, we assume that c is coercive on Q, namely that there exists y > 0 such that
cp,p)zYlply, YpeQ. (51)

So, to control these extra terms, we introduce an operator C7!in the expression of T, where

C™'e £(Q',Q) is defined by
cC'g =@ Do YgeQ,VqeQ.
One can easily check that the operator C~! satisfies
€ Mlglg =IC'gllo=y"lglly, VYgeq,

and

(8.C'8)q0= 5l vEeQ. (52)
c

Theorem 18. Assume that (51) holds true and that the bilinear forms a and c are both symmetric
and positive. Suppose in addition that there exists a constant ag > 0 such that

Vo IBul? = aglul?, Vuev, (53)

a(u,u) +
2C2

then Problem (36) is well-posed and
(e, ) llvxq = CIf ) lvixq
with C a constant depending only on ap,y and Cy,.
Proof. For 7, u> 0, we consider the mapping
T:VxQ—VxQ
(u, p) — (u,-np +pC~ (Bw).
Then, using the definitions of C~! and B, we compute

e((u, p), T(u, p))

a(u, u) + b(u, p) —nb(u, p) + ub(u, C ' Bu) + ne(p, p) — pc(p, C' Bu)
= alu,u)+ (1 -n)b(u, p)+ u{Bu, C_lBu)Q/,Q +nc(p, p) — u{Bu, p)qgr,Q
a(u,u) + (1 —n—wb(u, p) + w(Bu,C' Buyg g +nc(p, p).

Let us choose i, > 0 such that n+ p = 1 to cancel the second term above. To fix ideas, let
n=pu=1/2,sothat
T(u p):(u —1p+1C_1(Bu)) (54)
) ) 2 2
and 1 1
A ((u, p), T(w, p)) = alu, u) + 5 (B, C'Buyg o+ P, p).
Owing to (52) and (51), we deduce that

Y 2 Y2
'Q¢ ’ ;T ’ 2 ) + B  + = )
((w, p), T(u, p)) = alu, u) 22 IBull + = 1plig
and the result follows. O
Remark 19. The T-coercivity estimate reads
e ((w, p), T(w, p)) 2a3||u||%+;—/llpllé, (55)

so that it depends on v, whereas it was independent of € in the small perturbation case. Moreover,
because of the term C~ (Bu) in (54), | Tl| behaves as y~!. Nevertheless, the final stability estimate
is robust because the value of the constant ¥y is fixed.
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Remark 20. Note that Theorem 18 does not require the inf-sup condition (18) to be true.
However, if (18) holds, then (53) is automatically satisfied. As a matter of fact, for any u € V,
using the decomposition u = ug + & with 1 € KerB and i € (KerB)+, we have seen in the proof of
Theorem 8 that, for all 0 < 8 < 1, it holds

C 2 -
alu,uw) 2 (1= 0)alug, uo) + (Ca= 2|1l and 1Bulyy = Bl = 6 Nal.

Hence, c
v 2 _ _la Y a2 ya2
alu, )+ 25 1Bl = (1= 0)atuo, o) + (Ca= 5+ 7567 1y
We then observe that
Cq Y -2 ( Y AR )
Cp——+— >0, VOel||ll+ —— 1,
(“ 0 2¢ﬁ) ( 2dgﬁ)

so (53) is obtained by choosing some 6 = 0(Cg, 8, C.,y) in the above interval.

In addition to the Stokes problem, let us see next how other typical examples of mixed
formulations fall within the T-coercivity framework.

4. Application to electromagnetism

Our goal is to solve the so-called quasi-static magnetic problem set in a anisotropic medium,
surrounded by a perfect conductor (see [1, Section 6.4]). The medium is characterized by its
dielectric permittivity € and its magnetic permeability .

Let Q be the domain of R? in which the problem is set. For simplicity, we assume that Q is
simply connected, with a connected boundary. Moreover, we assume that ¢ € {g, u} satisfy the
following assumption: B

{ ¢ is areal-valued, symmetric, measurable tensor field on Q, 56)

IE_,E.>0,VzeR?, é_|zI2P <&z -z< &4 |z)%ae in Q.

Because one is dealing with symmetric tensors, if ¢ fulfills (56), so does ¢!, with (€™1), = (£)7!
and €71 = ()7
Given H* € L?(Q), such that uH* € Hy(div; Q) n H(div0;Q) and p € H~1(Q), the quasi-static
magnetic problem amounts to finding E € L?(Q) such that
pleurlE= H*, inQ,
CdiveE)=p, inQ, 57)
Exn=0, on 0Q).
Under the assumptions on € and g, on the one hand we note that E € Hy(curl; Q). On the other

hand, it is known that the problem (57) is well-posed, see for instance [1, Theorem 6.1.4]. Below,
we propose to recover well-posedness using the T-coercivity approach.

4.1. Proving well-posedness with T -coercivity

Classically, the electromagnetic energy is equal to (¢E, E)j2(q) + (WH, H)j2(q,), where H is the
magnetic field. For our problem with the electric field E as the unknown, it can be expressed
as (€E,E)p2(q) + (;flcurlE, curlE),- @ because H* ~ —0;H. Indeed, under the assumption (56)
made on € and y,_we note that we can endow H(curl; Q) with the scalar product (-, -) ep-leurl
(1, v) — (u,v) ;2 ot (,u’lcurl u,curlv);> > and the associated scaled norm B

_ 1/2
||u||§’ﬁ-1cml = ((gu, w2t (E leurl u, curl u)Lz(Q))
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is equivalent to the "natural" norm. We endow H(} (Q) with the scalar product (-,)1¢ : (p,q) —
(eVP, Vq)2(q), and the associated scaled norm
1/2
||67||1,§ = ((qu)vq)LZ(Q))
is equivalent to | - || 1) according to Poincaré inequality. In this setting, 1 HY(Q)—H1(@Q) is the
isomorphism defined by
(ﬂHé Q—-H1(Q p q>H—1(Q),H3 Q) = (P, 6])1,5 = (ng, Vq)Lz(Q), Vp, qe Hé (Q),
while the norm in H~1(Q) is
(& D p-1@), 1@ 0
lgl_ye1= sup —————, VgeH ().
T geH!@\() gl
Bearing in mind that curl (Vp) = 0, it follows that

lglye= ((§VCI»V67)L2(Q))1/2 =IValeprcut, VqE€ Hy (€0).

Finally, for ¢ € {g,g‘l,u,y‘l}, we use the scalar product (-,-)s : (u,v) — (Cu, V)2 and the
associated scaled norm ||_-||§ in L2(Q).

First, for H* € Hy(div;Q) n H(div0;Q) and p € H~1(Q), we observe that the equivalent weak
formulation of Problem (57) reads: find E € Hy(curl; Q) such that

(u‘lcurlE, curl V)2 = (H*,curl V)2q) Vv e Hy(curl;Q),
EE VD120 =0, D p-10,m5 @ YIE Hy (©).

Second, in order to fit (57) into the abstract framework (15), we introduce an artifical pressure

unknown p by adding a term (ev,Vp)2q, in the first equation. The previous formulation

becomes: find (E, p) € Hy(curl; Q) x Hj (Q) such that

(u'curl E, curlv) 2 ) + (€0, VD) 2 () = (H* curlv) 2 ), Vv e Hyleurl;Q),

- (58)
EE VD20 =0 D ur1,ui@ Y4€ Hy (Q).

Indeed, one can easily check that (E, p) is solution of (58) if and only if p = 0 and E is solution of

(57). So, defining the bilinear forms

aﬁ—l (u,v) = (H_lcurl u, curl V)p2qy YUE Hy(curl;Q),Vv e Hy(curl;Q),

be(v,q) = €v,Vq) 2.0 Vv e Hy(curl;Q),Vq € Hy (Q),
the all-in-one bilinear form of Maxwell problem is given by
A ((E, p),(v,q)) = -1 (E,v) + be(v, D) + be (E, q). (59)

Thanks to the introduction of scaled norms, we find that the bilinear form a,-1 is continuous

on Hy(curl; Q) x Hy(curl;Q) with a continuity constant C, = 1, while the bilinear form b is

continuous on Hy(curl; Q) x H& (Q) with a continuity constant Cj, = 1. Besides, we have
|(H*,Cll1‘l v)LZ(Q] —{p, q>H*1(Q),Hé (Q)| = ”H* ||E||Clll‘l V”,fl + ”p”_l,g*l gl 1,er

so that Cy < (I1H* |17, + Il plI? )1/2'

[ -lg!
Let us give an explicit expression of the abstract operators

Be € Z(Ho(curl;Q), Hy (), Lp, € £(Hy(Q), (KerBe) ")
corresponding to this problem. Note that for u € Hy(curl; Q),
Bett =0 <= (£u,Vq) 2 =0, Vg € Hy(Q) < div(cu) =0.

Hence,
KerB; = Kn(Q;¢), where Kn(Q;¢) = {v e Ho(curl;Q), div(ev) = 0}. (60)
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In addition, one knows that (see (6.16) in [1])

(KerB,)* = {v € Hy(curl;Q),3g € H)(Q), v=Vgq}. (61)
With those results, we can explicit L Be- On the one hand, by definition of b,, we observe that
be(Lpp,q) = (6B, P, V) 2y VPG E Hy(Q. (62)
On the other hand, according to (19), one has
be(Ls.p, @) = (P, Pre = €VP, VG 2 VP, € Hy(Q). (63)

Putting (61), (62) and (63) together, we deduce that
Lg.p=Vp.

Then, for all p € H; (), it follows that

2 _ 2 _ 2
IL8PI2 s curt = VP st = 1PI

hence ng is an isometry, so ng satisfies (21) with 8 =1, i.e. the inf-sup condition (18) holds.
Going back to Ker B, (cf. the characterization (60)), we recall Weber inequality [38] (see also [1,
Theorem 6.1.4]): there exists Cx > 1 such that

||k||§lﬂ_1cuﬂ < CKllcurlkII”_l, Vk e Kn(Q;¢e). (64)

The fact that Cx > 1 stems from the definition of the scaled norms. Hence, Weber inequality (64)

says exactly that the form a,-1 is coercive on KerBg, so that all the conditions of Theorem 8 are

fulfilled, with ag = (Cx) 2 < 1. Precisely, Theorem 8 states that the bilinear form «f is T-coercive
for the mapping

T: Hy(curl; Q) x Hy (Q) — Hy(curl; Q) x H} (Q)
_ 3
(E,p)— (E+Vp~p+95)
where ¢pp=B.E€ H(} (Q). Note that, for any v € Hy(curl;Q), we have

Be?, P1,e = be(v,G) = (€v,Vq) 2, VG € Hy(Q).
Therefore, B¢ v is the unique ¢, € H& (Q) satisfying

€V, V) 20 = €V, VG 2 V€ Hy(Q). (65)
Furthermore, following (30), it holds that
(5, 1E ) = SO g2 L1512, > a(IEI2 512
(B, P, TE, ) = =N EN, o1y * 51517 = QUEIG o1y + 15IT),

with @ = —(lel)_z .
To get the stability constant, we need to compute ||T|l, that is, bound | T(E, pl|) Ho(curl;) x H (©)
for (E, p) € Hy(curl; Q) x H& (Q). We find that

2

3
12 _ =12 - ST
ITCE, PNy curtionsriion = VE+ VP oscun + |5+ 8]

l,e

<212, 1y +20VBI, 1o 21912 2 () Nl

= g,ﬁ*lcurl p g,ﬁ*lcurl Plite 4 Ell1e
332

2 =12 2

S20EI gyt + PN +2- (3] VB 1

<4(IEIZ 1 + 1717 ),

where we used that [|¢gll1,e = IB¢Ell1 ¢ < ”E”gu‘lcurl thanks to (31). Therefore, || T|| < 2.
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Applying (4), we conclude that
IENg y1cunt < 8Ck(IH* I + oIl

/
2 ) (66)

4.2. Optimized bounds

To achieve T-coercivity, the abstract theory does not take into account the so-called double
orthogonality property (or Helmholtz decomposition), which states that for all k € Kx(Q;¢) and
all g € Hy (Q), one has (ek, Vq) 2, = (u~ curl k, curl (Vg)) ;2 o, =0, so that

2 _ 2 2
||k+Vq||§YE_1curl = Ilkll%_lCllrl +1qll

Indeed, given E € Hy(curl;Q), we note that, with the help of ¢ € H& () solving (65), it holds that
’CE = E—VQDE € KN(Q;E)-
We sketch below how one can improve the estimates, see [22] for further details. Let us choose
Tope : Ho(curl; Q) x HS (Q) — Hy(curl; Q) x H& Q)
(E, p)— (kg + VP, k).
Thanks to the double orthogonality property, one finds easily that T, is an isometry and that
A ((E, p), Topt (E, P)) = lcurl kg |71 + 15117 ¢ + 19EIT ¢
2 (€)™ (1Bl g 1 + 151T.e)-

Applying (4), we have the optimized stability estimate

2 * 112 2 1/2
1Bl yteunt < CRUE I3+ 1012, )

(67)

We conclude that, for all possible choices of coefficients € and , there is only a factor 8 difference
between the stability constant obtained via the abstract T-coe_rcivity approach, see (66), and the
optimized stability constant which relies explicitly on the double orthogonality property, see (67).
This shows the robustness of the abstract theory.

Remark 21. One can obtain similar results in more general geometries, such as a non-simply-
connected domain, or a non-connected boundary.

5. Application to nearly-incompressible elasticity

In this section, we apply the T-coercivity framework to the equations of elasticity, assuming
homogeneous Dirichlet boundary conditions. Let Q c R? be a domain, where 2 < d < 3. For a
prescribed body force f € H™!(Q), we look for the displacement u € H'(Q) such that
—divioc(m))=f, inQ,
(o) =f )
u=0, onoaQ,
where o(u) denotes the stress tensor. We assume that it is given by Hooke’s law
o(u) =2pe(u)+Aldiva)I,

where A, > 0 are the Lamé coefficients of the material and e(w) = 1 (Vu+ (Vu)T) is the linearized
strain tensor. Thanks to Korn inequality [25], the space H(l) (Q) is here endowed with the scalar
product

(u, v)-—>f e(u) :e(v)dx,
Q
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whose associated norm u — |le(w)] is equivalent to the H 1(Q)-norm in H(l)(Q). Introducing the
new unknown p = Adivu, the elasticity system (68) can be written in mixed form as follows: find
ue H}(Q) and p € L3(Q) such that

—2udiv(e(m))-Vp=f, inQ,
1

divu— Xp:O, in Q.

Or equivalently, in variational form: find u € H(lJ (Qandpe L(z)(Q) such that
a(w,v) +b(w,p) = (f,v), YveH,Q),
1 9 (69)
b(u,q)—zc()(p,q) =0, Vq e Ly(Q),
with
a(u,v) = pr em):e(wv)dx, b(v,q) =f gdivedx and cp(p,q) =f pqgdx.
Q Q Q

For nearly-incompressible materials, the first Lamé coefficient A goes to infinity, so that A~! goes
to zero. Therefore, (69) can be seen as a small perturbation of Stokes system.

Since the bilinear form a is coercive on the whole space H(l)(Q), we can directly apply The-
orem 10 in the special case of Remark 11. The bilinear form a is continuous and coercive, with
C, = a = 2u. In addition, the bilinear form b is continuous and satisfies the inf-sup condition
(18) with B = Cgiy since b is the same form — except to the sign — as for Stokes problem. Then,
Theorem 10 furnishes that the all-in-one bilinear form </, defined by

1
dc((u,p),(v,q)):zpf e(u):s(v)dx+f pdivvdx+f qdivudx——/ pgdx  (70)
Q Q Q AlJa
is T-coercive for the mapping

T: Hy(Q) x L3 (Q) — H(Q) x L§(Q)

(w, p) — (2uCj

(71)
div# T V-ps —2,LLC§1V p)’

and (37) implies that
1 2
Ae((u, p), T(w, p)) = 2p° C,, le@)|I* + (5 + T”C(Zhv) Ipll>.
Note that this estimate is robust in the incompressible limit, namely for large values of 1.
Finally, replacing v by 2 in (11) and using (4), we get that the unique solution of (69) satisfies

2max(2\/§#C2 Caiv(2 + 44 Ccznv)llz)

div’

min (42 C(Zﬁv, 1+4uAt Cﬁiv)

(e, p) “H(l)(Q)xL%(Q) = ”f”(H(l)(Q))h

where ||-||(H[1)(Q)), denotes the dual norm of |l e(-)].

6. Application to neutron diffusion

LetQcR?bea domain, where 2 < d < 3. We consider the neutron diffusion equation with zero
flux boundary condition: given a prescribed fission source Sy € L2(Q), find u € H'(Q) such that

—div(DVu)+ou = Sf, inQ,
u=0, on 0Q,

where u, D, and o denote respectively the neutron flux, the diffusion coefficient and the macro-
scopic absorption cross section. It is assumed that the diffusion coefficient D fulfills (56), and that
the macroscopic absorption cross section is such that

(72)

{ o is a real-valued measurable scalar field on Q, 73)

Jo_,0,>0,0_<0<04a.e.inQ.
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Because Sy € L2(Q), one has DVu € H(div; Q). This problem can be recast equivalently in mixed
form, introducing the auxiliary unknown p = —DVu, called the neutron current. It reads: find

(u, p) € H) (Q) x H(div; Q) such that
divp+ou=Sy, inQ,
. . (74)
D 'p+Vu=0, in Q.

It can be shown that equivalent weak form is: find (u, p) € L?(Q) x H(div; Q) such that
f (vdivp+ouv-D"'p-q+udivg) dx= f Spvdx  VY(v,q) € L*(Q) x H(div; Q). (75)
Q Q

Remark 22. Among other things, one can recover that the solution u € L? () from the weak form
(75) is such that u € H'(Q), and that u = 0 on 8Q.

6.1. Proving well-posedness with T-coercivity

Defining the bilinear forms
ap-1(p, @) =D7'p, @) 2 Ype Hdiv;Q),Yq e Hdiv;Q),
b(q,v) =-(divq,v)2(q), YqeH(div;Q),Vve I(Q),
o (U, v) = (0u, V) 2, Vue L*(Q),Yve L*(Q),

the all-in-one bilinear form of the diffusion problem is given by
Ae((p,w),(q,v)) = ap-1(p,q) +b(q,uw) + b(p,v) — cs(u, v). (76)

Here, we are in the case of a “fixed” augmentation, as treated in Section 3.6.

Let us check below that all the conditions of Theorem 18 are fulfilled. First, ¢, is coercive on
[2(Q) with Y = o_. Then, ap-1 fulfills (13) with C, = (D_)~1, whereas b fulfills (14) with Cp=1.
Finally, we look for the condition (53). It is straightforward to check that, for all p € H(div;Q),
Bp =Bp = —divp. Hence

=D 'p,p

ap-1(p, p)
; -1 9- 2
z m1n((D+) ,R)”P"H(div;m'

Then, Theorem 18 establishes that the bilinear form «, is T-coercive for the mapping (54)
T: H(div; Q) x L*(Q) — H(div; Q) x L*(Q)
1
(p, u) — (p, 5(—u - a‘ldivp)).
Furthermore, using the estimate (55), it holds that

with a = 5min(2(D+)’1,0_(0+)’2,0_).
There remains to estimate || T||l. One has

1
2 2 -1
ITP, W givin 2@ = 1P a@ivie) + 4“ u=0 " divplz g,

< 1P givicy *+ ((1+3)||u||L2(Q) (1+) o) 2ldivpld, g,

1 -2 2
= (1+ 5@ 1P g0z
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so that ITll < (1+ %(0_)_2)1/2. Applying (4), we conclude that

2(1+10)72)"?

min(2(Dy)"Lo-(04)72,0

(P, W grdivioyx 12 ) < ] 1S£llz2(qy-

Remark 23. Some of those computations can be found in [24, 33]. Here, we see them as a
consequence of the general result stated in Theorem 18. Note that in [24, 33], the T-coercivity
estimate (77) is obtained with a constant a’ = %min(Z(D+)’1, (U+)’1,U_), which is very close to
asinceo_(04) 2= (o) g—: and g—; <1.
Remark 24. If one wants to obtain estimates without the bounding factors o, and D., a standard
path is to imbed the parameters D and o into the definition of the norms, like it is done in

Section 4. Namely, one chooses the norms:

Ivlle = (0, v)2)"",

lqlp-1 g-14iv = (D', @) 2 () + (U_lddi’diV‘l)LZ(Q))uz,

Il =I5+ 1q1% )
On the one hand, all norms are “fixed” once the parameters are given. On the other hand, one
can easily check that the stability constant is now independent of the bounding factors, by using
the same mapping T as before.

7. T-coercivity at the discrete level

Previously, we demonstrated the robustness and the flexbility of the T-coercivity approach to
study mixed problems at the continuous level. In this section, we are going to see how T-coercivity
also enables us to provide a stable discretization of such problems with mixed finite elements. Let
us recall the simple results below [19, 20].

Definition 25. Let W be a Hilbert space, </ (-,-) be a continuous bilinear form over W x W and
(Wp) i, be conforming approximations of W. We say that < is uniformly Tj,-coercive if
Ja*,B*>0,Vh>0, 3T e LWy), | (up, Thup)l = a*luplyy,, Yupe Wy, and |IT4ll < B*.

Proposition 26. Let W be a Hilbert space, f be an element of W', &/ (-,-) be a continuous bilinear
form over W x W and (Wp), be conforming approximations of W. Denote by A, € £ (Wy, W}) the
discrete operator associated to <4y, . The problem

Find up, € Wy, such that

Yo, e Wy, of (up,vy) ={f,vpn)
is well-posed and (Azl)h is uniformly bounded if and only if « is uniformly Ty, -coercive. In that
case, denoting by Cy the continuity constant of the bilinear form <, it holds that

lu—uplw=C inf llu—vplw, (78)
vReEW),
. ., CuB* .
with C =1+ =2 independent of h.
Remark 27. Proposition 26 can be extended to the case where the discrete forms <}, and fj
differs from the continuous forms < and f. In that case, Céa’s lemma (78) becomes

lu—upllw <C inf (||u— vpllw + Consy p, +C0ns£¢,h(vh)),
vhReEW)
with
[<f = fu vm)| (st — odlp) (v, wp)|

Consfp= sup ——————— and Consy p(vp)= sup , Yvp e Wy,
vpewhor  lvnllw WhEW\ O} lwnllw

As before, we start with the leading example of Stokes problem.
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7.1. Stokes problem

For a given h, the natural discretization of Problem (5) reads:

Find , |4 h that
{ ind (uy, pp) €V xQp  suc a 79)

YWh qn) €V xQp, < ((wp, pr), Wi, qn)) ={f,vn),
where V), c H(l) (Q) and Qy, c Lg(Q) are two finite dimensional spaces constituting a conforming
approximation of HJ(Q) x L3(Q).
From Proposition 26, we know that Problem (79) is well-posed if and only if o is uniformly

Tj,-coercive. To build a suitable mapping T, € £(Vj, x Qp), a natural idea is to reproduce the
continuous mapping from the proof of Theorem 3

T: Hy(Q) x L5(Q) — H}(Q) x L3(Q)
(u,p) — (Au+v,,—-Ap)

at the discrete level. The operator T above depends on the divergence lifting v, € Hé (Q) of the
pressure p € L3(Q) defined by, see (8)-(9),

—divvy,=p and [Vl < Cavlpll.

To obtain a similar lifting in the discrete setting, we consider the continuous lifting of the discrete
pressure pj € Qp C Lg (Q), namely vy, € H(l) (Q) such that

—divey, =p, and  [Vep,] < Caylpall. (80)

This lifting v, does not necessarily belong to the discrete space Vj, < Hé (Q), so we need an
operator Iy, : Hé (©Q2) — V, to project it on V. Therefore, we consider a discrete mapping of the
form
Tp:VipxQp — Vi xQp
(un, pn) — (/luh +p(vp,), —ﬂph).
Now, let us precise under which conditions the bilinear form & is uniformly T},-coercive by
mimicking the proof of Theorem 3. We compute

(81)

o ((wn, pn), Tn(wp, pn) =V)L||Vuh||2+vaVuh:V(Hh(vph))dx—fgphdiV(Hhv,,h)dx.
In order to get a term of the form || py, |2, we assume that

fphdiv(l'lhvph)dx:f prdive,, dx, (82)
Q Q

so that
oA ((wp, pr), Tn (e, pp)) = vAIVuy |1 + vaVu,, :V(,(wp,)) dx + I ppll?

in view of (80). Then, for any 1 > 0, Young inequality yields

n 1
fQVuh:V(Hh(vph))dxz S %nv(nh(v,,h))u2

77 2 CZ
i n
z—5||Vuh||2—dL||phn2

provided that there exists a constant C; > 0, independent of & and of pj,, such that
V(IR wp)) I < CrllVop,|. (83)
Hence, it holds that

n 2 VCiiCr 2
o (G, o) Tatan, i) = v (A= 5 IV 1= —=
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Settingn = A = vC3, C7, we obtain

22 2
; 1
oA ((wn, pr), Th(wn, pp)) = %nwhnz + 5||Ph||2
1
> = min(v* Cgi, G DIl @ty P g )12 0 (84)

Moreover, taking into account (83) and mimicking the continuous case (see (11)), we have
ITAll < max(v2vC3, C2, CanCr(2 +v2C5,C2) ). (85)
So, with the help of the operator I1j, : Hé (Q) — Vy,, we have proven the following result.
Theorem 28. Ifthere exist a family of operators (I13,);, and a constant C;, > 0 such that, for all h,
fﬂqh div(l,v)dx = fQ gndivedx, Yve Hy(Q),YqneQy, (86)
IV(ITa )1 < CxlIVYl, Vve Hy(), 87)
then Problem (79) is well-posed for all h and

(e —up, p— pp) ”H(l)(Q)XLg(Q) = C(Vh,qulel‘t;thh (= vn, p—qn) ”H(l)(Q)xL(Z)(Q)r (88)
with
2max(v,2) max(\/EvCéVCf,, CaivCr (2 +v? C(Zﬂva,) 1/2)
C=1+ .
min(v2C3, C3,1)

Proof. The previous reasoning shows that the bilinear form .«¢ is uniformly Tj-coercive for the
mapping
Th:VpxQp—VpxQp
(un, p) — (VCG, Crun +Mn(wp,), ~vC;, Capn)

as long as the two conditions (82) and (83) are fulfilled for all pj, € Qj,, which is the case if (86) and
(87) hold true. The stability estimate (88) then follows by using (84) and (85) in (78). g

The conditions (86) and (87) correspond exactly to the assumptions of an abstract result
known as Fortin’s lemma [26]. Above, the T-coercivity approach allowed us to recover these two
conditions in a fully constructive way. Moreover, we recall that, since the form b fulfills an inf-sup
condition (3), those conditions (86)-(87) are equivalent to the so-called uniform discrete inf-sup

condition
350, Vh  inf  sup Jodndvvndr o
- an€Qn\ 0} yevivioy  IVORITGRI -
see for instance [27, Lemma II.1.1].
Finally, we recall that, provided there is a basic approximability property (i.e. any element of V x Q
can be approximated by a sequence of elements of (Vj, x Qp),), the convergence of the discrete

solutions to the exact one is a consequence of (88).

7.2. Approximation of saddle-point problems

We now derive a conforming approximation of the abstract problem (15), starting from the
variational expressions (16) or (17), the latter with the form

o ((u, p), W, q)) = alu, v) + b(v, p) + b(u, ).
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So, let (Vi) p, resp. (Qp)p, be two families of finite dimensional subspaces of V, resp. Q. Starting
from (16), the discrete variational formulation writes
Find (up, pn) € Vi, x Q,  such that
Yvp € Vy, alup,vy)+bwp, pr) ={f,vnv v
Yqn€Qn, blup, qn) =<8 qnq o-
while, starting from (17), the all-in-one discrete variational formulation writes
{Find (up, pn) € Vi x Q. such that
V(v qn) € Vi x Qn, & ((n, pr), (Wn, qn)) = (v vy +48 dnd -
In abstract form, the uniform discrete inf-sup condition writes
36'>0, Vh, inf sup Dnqn)_ =p. (89)
- an€Qu\0} yevinio IURllvIignll o =
We suppose that the discrete version of the operator B is the restriction of B to V;,, namely
B(Vp) Q). (90)
Introducing the discrete operators By, : Vj, — Qy, such that for all A,

BrVn qn)Q = bW, qn), Y (WVn,qn) € Vi x Qp,
the straightforward discrete counterpart of Theorem 5 is
Theorem 29. The following three statements are equivalent:
(i) There exists E’ > 0 such that b(-,-) fulfills the uniform discrete inf-sup condition (89).
(ii) Forall h,By,: (KerBy,)* — Qy, is anisomorphism, and
IBrvnllq = Bllvnlly, Vup € (KerBy)*. 1)
(iii) For all h, there exists an isomorphic operatorLp j, : Q, — (KerB w)t such that

Bn(Lpndgn) =qn and lqnlq=B'ILenqnllv, Yqn€Qn. (92)
Remark 30. Obviously, this result also holds if the value of the constant in the discrete inf-sup

condition depends on £, i.e. for each k it holds for some ' (k) > 0, with limy,_.¢ /() = 0. In this
case however, getting error estimates can be more intricate.

As mentioned above for the Stokes system, one has the Fortin lemma (cf. [27, Lemma II.1.1]).

Theorem 31. Assume that the form b fulfills an inf-sup condition (18). The uniform discrete inf-
sup condition (89) holds if, and only if, there exist a family of operators (I1p,)p,, with I, : V — Vp,
and a constant C; > 0 such that, for all h,

b(lpv,qn) = b(v,qp), VvEV,Vqy € Qp,

sup T4l < Cy. (93)
h

Let us now proceed with the derivation of conditions to ensure that the form </ is uniformly
Tp-coercive. As a general rule, the proofs of the results follow very closely the proofs that were
given in the exact case. The straightforwardness of the procedure when going from the continu-
ous to the discrete level is one of the main features of the T-coercivity approach. We give next the
discrete counterparts of Theorems 6 and 8.

Theorem 32. Assume that the form a is symmetric and positive, that there exists a constant &' > 0
such that

a(up, up) = o luplly, Yuy €V, (94)
and that the uniform discrete inf-sup condition (89) on the form b holds true.
Then the form <f is uniformly Ty, -coercive.
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The property (94) is sometimes called the the uniform discrete coercivity property.

Proof. Let h be given. We introduce the mapping
Tp:VpxQp— Vi xQp
(un, pn) — (Aup +Lp ppn,~Apn)-
We then compute
A ((un, pr), Th(un, pn)) = alun, Aup) + alun, L npn) + b(Aup, py) + bLprPw, Pr) = b(un, App)
= Aa(up, up) +a(up, L ppn) + IIphIIé, according to (92)-left.
Because the form a is symmetric and positive, we can apply Young’s inequality: for any n > 0,
1
aup,Lpnpn) = - g a(up, up) - %a(LB,h Py LB,hPh)-
According now to (92)-right, we find
aLpppnLenpn) < Callpnpnly < CaB) 2 Ipnl}.
Using assumption (94), if A — g > 0, it follows that
C (ﬁ/)—z
11N 2 _ e 2
ot ((un, ), Tlun, pw) 2 @ (A=) )iy + (1 2n ) 1Pl

Setting n = 1 = C,(B') 2 as in the exact case, we infer that

1
4 (s pr), Tl p)) = 5 min(@'Ca(B) ™, DIl @, Pl g

which proves that «f is Tj,-coercive, with a T-coercivity constant %min(a’ Ca(p' )72,1) > 0 that is
independent of h. N

Since Ty, (up, pr) = (Cq (E’)‘2 up+Lp npn —Ca (E’)‘th), one finds that

ITh(un, PG < 2(Ca(BY ) Nun Iy, + 21l npnly + (Ca(B) 2 pallfy
< 2(Ca(BY 2 Nunllfy + (2(8)72 + (Ca(BY2?) I pallfy,
where the last inequality follows from (92)-right. The bound is valid for all i, which yields
suplITyll < max(v2C,(B) %, p(2-+ C2(8) 7)),
Y L Z

so the form «f is uniformly T} -coercive. g

Remark 33. As for the Stokes problem, the discrete right-inverse Lp j, is connected to the Fortin
operator IT;,. As a matter of fact, if there exists a family of discrete projectors (IT), verifying (93),
the operator defined by L j, = ITj, (L) satisfies (92) with ' = (C, )~ since for all g, € Qy,

IR Legp)llv < CrliLpgnllv < CxBlgnlo,
according to (21). As a consequence, to perform stability estimates at the discrete level using Tj,-
coercivity, one has only to replace 8 by C; f in the computations done at the continuous level.

Theorem 34. Assume that the form a is symmetric and positive, that there exists a constant ay >0
such that

a(uo,p, Uo,p) = a(/)“O,h”%/» Yuy,p, € KerBy, (95)
and that the uniform discrete inf-sup condition (89) on the form b holds true.
Then the form <f is uniformly Ty, -coercive.

The property (95) is sometimes called the uniform discrete coercivity property on the kernels.
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Proof. Let h be given. We consider the mapping
Tp: Ve xQp—VpxQp
(un, pn) — (Aup+Lpnpn,—App + AuBpuy).
As in the proof of Theorem 8, we can compute
A ((p, i), Tr(un, pr)) = Aalup, up) + aCup, L ppp) + 1 ppliyy + Al Brunlly,

because b(Lg 1, pn, pr) = llpn IIé. Since the form a is symmetric and positive, one may use Young’s
inequality. By proceeding as in the proof of Theorem 32 and after setting A = C,(8')~2, we find
that -

Aaup, up) +alun,Lgn, pr) + 1 pnle = %Ca(g’)‘za(uh, up) + %”Ph”é,
and
(@ P10, T p10) = 5 CalB (atun, ) + 248 Banliy) + 5 Il
Then, we use the decomposition uj, = ug j, + iy, with ug j, € KerBy, and i, € (KerBy,)'. As before,
Young’s inequality yields

C
alatn, ) = (1=0)aluto n to.) + (Ca = Il

for all 0 < 8 < 1. Moreover, ||By, uhIIZQ =By, llhllf2 > (ﬂ’)zllﬁhll%, according to (91), so that

C
aluun, up) + 24u0Bpunly 2 (1= 0)aluo o) + (Ca = 2 +20(B) I nly.

Choosing 6 = } and p = 3C,(p") 7%, it holds that

%

L ( ) [l ”2
all, u + u

2 0,h» ¥0,h 2 hily
! ! !

a a a
0 2 0= 112 0 2

— luo,nlly + — lanlly, = - llupl
2 0,hlly 2 hlly 2 hily>

a(up, up) +2(4Byunl

vV

where we used assumption (95) and C, = a;, on the second line.
Finally, we conclude that

1 _ 1
4 (s pr), Tl p)) = 7 €0Ca(B) ZNunlly + 5 1pallG

which yields that «f is Tj,-coercive, with a T-coercivity constant min(%‘a{)Ca(,ﬁ’)‘z, %) > 0 that is
independent of h.

From the above, we have Tj, (up, pi) = (Ca(B) "2 un+Lp npn, —Ca(B) 2 pn+3 (Ca(B)™2)*Bpup),
and, noting that B, upllg < Cplluyllv, one concludes that - -

sup [ITpll < oo,
h
so the form «f is uniformly T}, -coercive. U

Remark 35. Note that replacing Bu by Bj u;, when going from the continuous operator T to the
discrete operator T}, is possible because we assumed that By, is the restriction of B to V},, see (90).
If (90) does not hold, one introduces ®;, : Q — Qj, defined by

b(vy, ®nq) =b(vy,q), YqgeQ,Yv,eVy,
like in [4, Proposition 5.1.2]. Then, one has to replace By u, by @, (B, u,) in the previous proof, i.e.
Tp: Ve xQp— Vi xQp

3 o
(s p) — (CalB) ™t + Lg,uPi = Ca(B) > P+ 5 (Calf) 01 Bup)
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Again, provided a basic approximability property holds, that is, any element of V x Q can
be approximated by a sequence of elements of (Vj x Qp)p, convergence will follow under the
assumptions of Theorem 32 or Theorem 34.

7.3. Approximation of augmented saddle-point problems

We now approximate the abstract problem (35), starting from the variational expression (36), with
the form

Ae((w, p), (w,q)) = alu, v) + b(v,p) + bu, q) — c(p, q),
where c(;,-) is a form defined on Q x Q that fulfills (34); in particular, c(:,-) is positive. So, let again
(Vi) n, resp. (Qpn)n, be two families of finite dimensional subspaces of V, resp. Q. The discrete
variational formulation writes

{Find (up, pn) € Vi x Qy,  such that
V(Vh’ qh) € Vh X Qh) 'Q{C((uh) ph)r (Uhr C]h)) = (f) Vh)V’,V + (g) CN;)Q’,Q;
To ensure that the form ;. is uniformly Tj-coercive, the proofs once more follow very closely

those that were given in the exact case. We give next the discrete counterparts of Theorems 10, 12
and 18.

Theorem 36. Assume that the form a is symmetric, positive, fulfills the uniform discrete coercivity
property (94), and that the uniform discrete inf-sup condition (89) on the form b holds true. Then
the form < is uniformly Ty, -coercive.

Theorem 37. Assume that the form a is symmetric and positive, fulfills the uniform discrete
coercivity property on the kernels (95), and that the uniform discrete inf-sup condition (89) on
the form b holds true. If moreover the form c is like in (39), where € is small enough, namely

1 [o7))
S N
2C4(C:PC2\" Cq
then the form <4, is uniformly Ty, -coercive.

Theorem 38. Assume that (51) holds true and that the bilinear forms a and c are both symmetric
and positive. If there exists a constant a'y > 0 such that

atun, up) + <5 Bl 2 alunly, Vun e Vi, (96)
c

then the form <4, is uniformly T, -coercive.

As before, provided a basic approximability property holds, that is, any element of V x Q can
be approximated by a sequence of elements of (V}, x Qp)p,, convergence will follow under the
assumptions of Theorem 36, Theorem 37 or Theorem 38.

7.4. Applications

Let us briefly see how the T-coercivity approach can be used to discretize the mixed problems,
that is for Stokes, electromagnetism, nearly-incompressible elasticity and finally neutron dif-
fusion. For each problem, we propose one or several possibilities. Note that, since there is a
vast litterature on this topic, there is no need to devise new approximation techniques. On the
contrary, the simple framework of the T-coercivity approach provides elementary guidelines to
help us choose among existing techniques.
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In each case, the first step is to choose a conforming finite element discretization adapted to
the space V under consideration. We assume for simplicity that Q is a polyhedron for d = 3, or
a polygon for d = 2, so one can use meshes made of simplices for the discretization by finite
elements. For k = 1, 2 stands for the Lagrange finite elements of order k.

For Stokes and elasticity, we note that the space H(l)(Q) may be approximated using (Z)¢
finite elements with k = 2. For electromagnetism, we have to deal with the space Hy(curl;Q),
which can be discretized using the (first-kind) Nédélec finite elements of order k = 1, denoted by
4. Lastly, for neutron diffusion, we have to deal with the space H(div;Q), discretized with the
help of the Raviart-Thomas elements of order k = 0, denoted by 29 . We refer to [4] for details.

The next step is to choose the conforming finite element discretization in the space Q in such
a way that convergence of the discrete solutions to the exact one is guaranteed.

First, for Stokes and elasticity, and for k = 2, setting Q; = 27, leads to Fortin operators
Hf : Hé (Q) — (21)¥ satisfying (86)-(87), or the abstract counterpart (93): the pair ((9%)%,2,) is
called the Taylor-Hood finite element. Then, for electromagnetism and for k = 1, setting Q, = %
leads to Fortin operators Hﬁ/ : Hy(curl; Q) — A satisfying (93). Last, for neutron diffusion and
for k = 1, one only needs to select Qj, in such a way that (90) is fulfilled, namely div(Z29 ) c Q’h.
To do so, we set Qp, = 9’,’? “ for k = 0, where the superscript P stands for piecewise Lagrange
finite elements of order k. We again refer to [4] for details and possible extensions, such as the
generalized Taylor-Hood elements for Stokes or elasticity, for k = 3.

On the other hand, as demonstrated earlier, those properties may be also recovered straight-
forwardly thanks to the T-coercivity approach. As a matter of fact, we can build the discrete op-
erators Ty, similarly as in the continuous case but changing the constant § to take into account
(when applicable) the influence of the projection operators, see Remark 33.

For Stokes, we refer to (81).
For electromagnetism, we infer from Theorem 34 that the bilinear form defined in (59) is uni-
formly Tj,-coercive for the mapping

Ty i N x P — N x Py,
(B o) — (oo B+ T (9P, = Coroi Pt 5 Coro) 9,
where ¢, € Qy, satisfies the discrete counterpart of (65), namely
(EVPE, Va2 = EEL Va2« Yqn € Py.

For nearly-incompressible elasticity, the bilinear form defined in (70) is uniformly T} -coercive for
the mapping

Ty : P x Py — Py x Py
Wp, pn) — (21(Cr,0Caiv)* up, + H';?(V-ph), —20(Cr 2 Caiv)* Ph),

according to Theorem 36 and (71).
Finally, for neutron diffusion, assuming for simplicity that o restricted to any simplex is constant,
we introduce the discrete mapping

Th: RT kx P)" — RT | x 2"
1 1.
(pp,up) — (thg(_uh“LU 1dlvph)),

and the property div(29 ) c (@If " guarantees the uniform Tj,-coercivity of the bilinear form
(76) in virtue of Theorem 38.
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All basic approximability properties are established in [4], which guarantees convergence in
each case.

8. Conclusion and perspectives

We have demonstrated the flexibility of the T-coercivity approach, here applied to classical linear
mixed problems, both for the theoretical study of the problems and for their numerical approxi-
mation by finite elements. Let us mention some possible extensions, such as nonconforming dis-
cretization methods for Stokes [32], multigroup diffusion [28] or DDM for diffusion [24].

It is our belief that numerous applications can be studied with the T-coercivity approach, both
theoretically and numerically. Recent works include application in poromechanics [3], time-
harmonic Maxwell’s equations with impedance surfaces [35], and the applications listed in [31].

References

[1] E Assous, P. Ciarlet Jr, S. Labrunie, Mathematical foundations of computational electromagnetism, Springer, 2018.
[2] 1. Babuska, “The finite element method with Lagrangian multipliers”, Numerische Mathematik 20 (1973), no. 3,
p. 179-192.
[3] M. Barré, C. Grandmont, P. Moireau, “Analysis of a linearized poromechanics model for incompressible and nearly
incompressible materials”, Technical Report HAL, 2021, https://hal.inria.fr/hal-03501526.
[4] D. Boffi, E Brezzi, M. Fortin et al., Mixed finite element methods and applications, vol. 44, Springer, 2013.
[5] A.-S. Bonnet-Ben Dhia, C. Carvalho, P. Ciarlet, Jr, “Mesh requirements for the finite element approximation of
problems with sign-changing coefficients”, Numer. Math. 138 (2018), p. 801-838.
[6] A.-S. Bonnet-Ben Dhia, L. Chesnel, P. Ciarlet, Jr, “ T-coercivity for scalar interface problems between dielectrics and
metamaterials”, Math. Mod. Num. Anal. 46 (2012), p. 1363-1387.
, “T-coercivity for the Maxwell problem with sign-changing coefficients”, Communications in Partial Differ-
ential Equations 39 (2014), p. 1007-1031.
, “Two-dimensional Maxwell’s equations with sign-changing coefficients”, Appl. Numer. Math. 79 (2014),
p. 29-41.
[9] A.-S. Bonnet-Ben Dhia, L. Chesnel, X. Claeys, “Radiation condition for a non-smooth interface between a dielectric
and a metamaterial”, Mathematical Models and Methods in Applied Sciences 23 (2013), no. 09, p. 1629-1662.
[10] A.-S. Bonnet-Ben Dhia, P. Ciarlet Jr, C. M. Zwolf, “Time harmonic wave diffraction problems in materials with sign-
shifting coefficients”, Journal of Computational and Applied Mathematics 234 (2010), no. 6, p. 1912-1919.
[11] E Brezzi, “On the existence, uniqueness and approximation of saddle-point problems arising from Lagrangian
multipliers”, Publications mathématiques et informatique de Rennes (1974), no. $4, p. 1-26.
[12] A. Buffa, “Remarks on the discretization of some noncoercive operator with applications to heterogeneous Maxwell
equations”, SIAM J. Numer. Anal. 43 (2005), p. 1-18.
[13] A. Buffa, S. H. Christiansen, “The electric field integral equation on Lipschitz screens: definitions and numerical
approximation”, Numerische Mathematik 94 (2003), no. 2, p. 229-267.
[14] A. Buffa, M. Costabel, C. Schwab, “Boundary element methods for Maxwell’s equations on non-smooth domains”,
Numerische Mathematik 92 (2002), no. 4, p. 679-710.
[15] R.Bunoiu, L. Chesnel, K. Ramdani, M. Rihani, “Homogenization of Maxwell’s equations and related scalar problems
with sign-changing coefficients”, in Annales de la Faculté des Sciences de Toulouse. Mathématiques., 2020.
[16] R.Bunoiu, K. Ramdani, “Homogenization of materials with sign changing coefficients”, Communications in Mathe-
matical Sciences 14 (2016), no. 4, p. 1137-1154.
[17] R. Bunoiu, K. Ramdani, C. Timofte, “T-coercivity for the asymptotic analysis of scalar problems with sign-changing
coefficients in thin periodic domains”, Electronic Journal of Differential Equations (2021), p. 1-22.
[18] L. Chesnel, “Bilaplacian problems with a sign-changing coefficient”, Mathematical Methods in the Applied Sciences
39 (2016), no. 17, p. 4964-4979.
[19] L. Chesnel, P. Ciarlet Jr, “T-coercivity and continuous Galerkin methods: application to transmission problems with
sign changing coefficients”, Numerische Mathematik 124 (2013), no. 1, p. 1-29.
[20] P. Ciarlet Jr, “T-coercivity: Application to the discretization of Helmholtz-like problems”, Computers & Mathematics
with Applications 64 (2012), no. 1, p. 22-34.
, “Mathematical and numerical analyses for the div-curl and div-curlcurl problems with a sign-changing
coefficient”, Technical Report HAL, 2020, https://hal.inria.fr/hal-02651682.

[7]

(8]

[21]

C. R. Mathématique — Draft, 19th October 2022


https://hal.inria.fr/hal-03501526
https://hal.inria.fr/hal-02651682

Mathieu Barré and Patrick Ciarlet 33

[22]

, “Lecture notes on Maxwell’s equations and their approximation (in French)”, Master’s degree Analysis,
Modelling and Simulation from Paris-Saclay University and Institut Polytechnique de Paris, 2021, https://hal.inria.
fr/hal-03153780.

[23] ——, “On the approximation of electromagnetic fields by edge finite elements — Part 4: analysis of the model with
one sign-changing coefficient”, Numer. Math. 152 (2022), p. 223-257.

[24] P. Ciarlet Jr, E. Jamelot, E D. Kpadonou, “Domain Decomposition Methods for the diffusion equation with low-
regularity solution”, Computers Math. Applic. 74 (2017), p. 2369-2384.

[25] G.Duvaut, J. L. Lions, Les inéquations en mécanique et en physique, Dunod, 1972.

[26] M. Fortin, “An analysis of the convergence of mixed finite element methods”, RAIRO. Analyse numérique 11 (1977),
no. 4, p. 341-354.

[27] V. Girault, P-A. Raviart, Finite element methods for Navier-Stokes equations: theory and algorithms, vol. 5, Springer
Science & Business Media, 2012.

[28] L. Giret, “Numerical analysis of a non-conforming Domain Decomposition for the multigroup SPN equations”, PhD
Thesis, Paris-Saclay University, 2018, https://pastel.archives-ouvertes.fr/tel-01936967.

[29] M. Halla, “Galerkin approximation of holomorphic eigenvalue problems: weak T-coercivity and T-compatibility”,
Numerische Mathematik 148 (2021), no. 2, p. 387-407.

[30] R.Hiptmair, “Finite elements in computational electromagnetics”, Acta Numerica (2002), p. 237-339.

[31] Q. Hong, J. Kraus, M. Lymbery, E Philo, “A new framework for the stability analysis of perturbed saddle-point
problems and applications in poromechanics”, arXiv preprint, 2022, https://arxiv.org/pdf/2103.09357.pdf.

[32] E.Jamelot, “T-coercivity for solving Stokes problem with nonconforming finite elements”, 2022.

[33] E. Jamelot, P. Ciarlet Jr, “Fast non-overlapping Schwarz domain decomposition methods for solving the neutron
diffusion equation”, J. Comput. Phys. 241 (2013), p. 445-463.

[34] O. A. Ladyzhenskaya, The mathematical theory of viscous incompressible flow, vol. 2, Gordon and Breach New York,
1969.

[35] D.P. Levadoux, “Analyse numérique de la formulation intégrodifférentielle d’'un probléme de Maxwell harmonique
impliquant un diélectrique traversé de surfaces exfoliées métalliques et impédantes”, Technical Report HAL, 2022,
https://hal.archives-ouvertes.fr/hal-03644547.

[36] S. Nicaise, J. Venel, “A posteriori error estimates for a finite element approximation of transmission problems with
sign changing coefficients”, J. Comput. Appl. Math. 235 (2011), p. 4272-4282.

[37] E-J. Sayas, T. S. Brown, M. E. Hassell, Variational techniques for elliptic partial differential equations, CRC Press, 2019.

[38] C. Weber, “A local compactness theorem for Maxwell’s equations”, Mathematical Methods in the Applied Sciences 2
(1980), no. 1, p. 12-25.

C. R. Mathématique — Draft, 19th October 2022


https://hal.inria.fr/hal-03153780
https://hal.inria.fr/hal-03153780
https://pastel.archives-ouvertes.fr/tel-01936967
https://arxiv.org/pdf/2103.09357.pdf
https://hal.archives-ouvertes.fr/hal-03644547

	1. Introduction
	2. T-coercivity for the Stokes problem
	2.1. Proving well-posedness with T-coercivity
	2.2. Comments

	3. Abstract framework
	3.1. Saddle-point problems in Hilbert spaces
	3.2. How to achieve T-coercivity for saddle-point problems?
	3.3. Augmented saddle-point problems
	3.4. How to achieve T-coercivity for augmented saddle-point problems?
	3.5. Additional results for small perturbations
	3.6. Case of a ``fixed'' augmentation

	4. Application to electromagnetism
	4.1. Proving well-posedness with T-coercivity
	4.2. Optimized bounds

	5. Application to nearly-incompressible elasticity
	6. Application to neutron diffusion
	6.1. Proving well-posedness with T-coercivity

	7. T-coercivity at the discrete level
	7.1. Stokes problem
	7.2. Approximation of saddle-point problems
	7.3. Approximation of augmented saddle-point problems
	7.4. Applications

	8. Conclusion and perspectives
	References

