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Abstract

We study the kinetic mean field Langevin dynamics under the functional convexity
assumption of the mean field energy functional. Using hypocoercivity, we first es-
tablish the exponential convergence of the mean field dynamics and then show the
corresponding N-particle system converges exponentially in a rate uniform in N
modulo a small error. Finally we study the short-time regularization effects of the
dynamics and prove its uniform-in-time propagation of chaos property in both the
Wasserstein and entropic sense. Our results can be applied to the training of two-layer
neural networks with momentum and we include the numerical experiments.

Keywords: Langevin diffusion; mean field interaction; convergence to equilibrium; hypocoer-
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1 Introduction

Training neural networks by momentum gradient descent has proven to be effective
in various applications [38, 22, 35]. However, despite their excellent performance, the
theoretical understanding of those algorithms remains elusive. Recently, extensive
researches have been conducted to model the loss minimization of neural networks as
a mean field optimization problem [28, 8, 34, 18], with most characterizing gradient
descent algorithms as overdamped mean field Langevin (MFL) dynamics. In this paper,
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Uniform propagation of chaos for kinetic MFL

we will focus on kinetic dynamics instead, which corresponds to momentum gradient
descent in the context of machine learning [30, 23]. Classical studies, such as [40, 27],
have explored the exponential convergence of linear kinetic Langevin dynamics based
on hypocoercivity and functional inequalities. The kinetic MFL dynamics is studied
in [21] to model the momentum gradient descent for the training of neural networks
and its convergence to the unique invariant measure is proven without a quantitative
rate. The present work studies both the quantitative long-time behavior of the kinetic
MFL dynamics and its uniform-in-time propagation of chaos (POC) property, under a
functional convexity assumption, and we aim to provide a theoretical justification for the
momentum algorithm’s efficiency in practice.

1.1 Settings and main results

We give an informal preview of our settings and main results in this section. Let
F : P,(R?) — R be a mean field functional and denote by D, F : Po(R%) x R — R¢ its
intrinsic derivative. We aim to investigate the long-time behavior of the kinetic MFL
defined by

dX; = Vidt,
dVy, = =Vidt — Dy F(mi, X)) dt + V2dWy, where m{ = Law(X}),
and its associated N-particle system defined by
dX} = Vidt
| N
AV = ~Vidt — D F(px,, X{)dt + V2dW7, where jix, = z; Oxi-
j=
Here W;, (W})N | are independent d-dimensional Brownian motions. Denote m; =
Law(X¢,V;) and my’ = Law(X},..., X", V;},..., V"), and we suppose the initial con-
ditions my and m}’ have finite second moments. We wish to show the convergence
m¥ — mPY when N — +00 in a uniform-in-t way.
We assume

e the mean field functional F is convex in the functional sense;

* its intrinsic derivative (m, z) — D, F(m,z) is jointly Lipschitz with respect to the
L'-Wasserstein distance.

+ for every measure m € P(RY), the probability measure proportional to
exp(—2£ (m, z))dx satisfy a logarithmic Sobolev inequality (LSI) with a constant
uniform in m.

¢ its second and third-order functional derivatives satisfy certain bounds.
Under these assumptions, we are able to obtain

* when ¢t — +o00, the mean field flow m; converges exponentially to the mean field
invariant measure meqg;

» whent — 400, the N-particle flow m)¥ converges approximately to the N-tensorized
mean field invariant measure mggN , with an exponential rate uniform in V;

e if %Wf (mév,m?N) — 0 when N — +oo, then sup, %WQQ (m,{v,m?N) — 0 and

supy>y & H (mY |mE™) — 0 when N — +oc.

1.2 Related works

We give in this section a short review of the recent progresses in the long-time
behavior and the uniform-in-time propagation of chaos property of McKean-Vlasov
dynamics, with an emphasis on kinetic ones. We refer readers to [5, 6] for a more
comprehensive review of propagation of chaos.
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Coupling approaches. The coupling approach involves constructing a joint probability
of the mean field and N-particle systems to allow comparisons between them. The
synchronous coupling method is employed in [3] and the uniform-in-time POC is shown
by assuming the strong monotonicity of the drift and the smallness of the mean field
interaction. The strong monotonicity is then relaxed by the reflection coupling method
in [11] and we refer readers to [36, 14, 21] for further developments. Let us remark that
the synchronous coupling gives often sharp contraction rates under strong convexity
assumptions, while the reflection coupling allows us to treat dynamics of more general
type but gives far-from-sharp contraction rates.

Functional approaches. Another approach to uniform-in-time POC is the functional
one, and this is also the major approach of this paper. In this situation in order to study
the long-time behaviors and propagation of chaos properties, we construct appropriate
(Lyapunov) functionals and investigate the change of their values along the dynamics.
The relative entropy is used as the functional in [29] and its follow-up work [16] to study
kinetic McKean-Vlasov dynamics with regular interactions. It is worth noting that the
relative entropy approach has been successful in handling singular interactions, thanks
to the groundbreaking work of Pierre-Emmanuel Jabin and Zhenfu Wang [20], and we
refer the readers to [13, 9, 33] for recent developments. However, we are not aware of
any works using the relative entropy functional (or its modifications) to study kinetic
diffusions with singular interactions.

Comparison to [7]. The present paper is a continuation of our previous work [7],
where the overdamped version of mean field Langevin dynamics is studied, and they
share a number of key features. We show the exponential convergence of the particle
system using the same componentwise decomposition of Fisher information and the
same componentwise log-Sobolev inequality. The uniform-in-time propagation of chaos
property for both dynamics is then obtained by combining the exponential convergence
of the mean field and particle flow. This paper is also different from [7] in a number of
aspects. First, as the dynamics is generated by a hypoelliptic operator instead of an
elliptic one, we use hypocoercivity to recover the exponential convergence. Second,
since we are not able to show hypercontractivity of the kinetic dynamics (let alone
reverse hypercontractivity), we prove the entropic propagation of chaos by studying its
short-time regularization effects. In this way we no longer restrict the initial condition
of the mean field dynamics, but as a trade-off we require a higher-order regularity
in measure of the energy functional. Finally, following in a remark in [7], we use an
approximation argument to remove the condition on the higher-order spatial derivatives
in this work.

1.3 Main contributions

Hypocoercivity for mean field systems. We extend the studies of the linear Fokker—
Planck equation in [40] to the dynamics with general (but always regular) mean field
interactions. In particular, we do not suppose the interaction is in form of a two-body
potential, which stands in contrast with [40, Theorem 56] and [29, 16]. Moreover, in
hypocoercive computations, we find that the contributions from the mean field interaction
can always be dominated by the “diagonal” terms in the Fisher information, already
present in the case of linear dynamics. Hence using the convexity of energy, we are
able to derive the hypocoercivity without restrictions on the size of the interaction.
Furthermore, our assumptions imply a uniform-in-N bound on the operator norm of the
second-order derivatives of the effective potential driving the V-particle system, and the
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entropic hypocoercivity is consequently uniform in N. This is different from the situation
of L2-hypocoercivity, where the condition given by Villani [40, (7.3)] gives dimension-
dependent constants and therefore is unsuitable for studies of particle systems, as
remarked in [15]. Finally, let us mention that we derive the entropic hypocoercivity
under minimal regularity assumptions, made possible by our approximation argument (of
functions and of mean field functionals) and the calculus in Wasserstein space developed
in[2].

Regularization in short time. We obtain two short-time regularization results for the
kinetic mean field dynamics. The first, from Wasserstein to entropy, is a consequence
of the logarithmic Harnack’s inequality, obtained by applying the coupling by change
of measure method of Panpan Ren and Feng-Yu Wang in [32] to the mean field and
N-particle diffusions. We remark also that very recently a similar inequality ([19, (3.13)])
is proved for the propagation of chaos of non-degenerate McKean-Vlasov diffusions.
The second regularization, from entropy to Fisher information, is obtained by adapting
Hérau’s functional in [40] to our mean field setting and follows from the same hypoco-
ercive computations as we prove the convergence of the mean field flow. We stress
that although much stronger regularization phenomena are present, for example from
measure initial values to L? for every p > 1 and to H” for every k > 1, our results
have the advantage of growing at most linearly in dimension, making them suitable for
studying the N-particle systems under the limit N — +oo.

Propagation of chaos. Finally, using the exponential convergence and the short-time
regularizations, we derive the propagation of chaos for the kinetic MFL, i.e. bounds on
the distances between the particle system and the mean field system. In particular, the
initial value of the both systems can be arbitrary measures of finite second moments
without any further regularity constraints. Moreover, the error terms do not have any
dimension-dependence. It is noteworthy that our approach allows us to not rely on a
uniform-in-time log-Sobolev inequality for the mean field flow, and also that the dynamics
considered are realized on the whole space instead of the torus, standing in contrast
with previous works, e.g. [13, 24, 10].

1.4 Notations

Let d be a positive integer and z, v be elements of R?*. We denote the Euclidean
norm of x and v by |z| and |v| respectively. The letter z = (z,v) then denotes an element
of R?? with its Euclidean norm denoted by |2|?> = |z|?> + |v|>. For a d x d real matrix
M, we denote by |M|op its operator norm with respect to the Euclidean metric of Re.
Let p > 1. Define Pp(]Rd) to be the space of probabilities on R¢ of finite p-moment, i.e.
Pp(RY) = {m € P(RY) : [ |z|Pm(dx) < +00}. We denote the LP-Wasserstein metric by W,
and refer readers to [2, Chapter 7] for its definition and elementary properties.

Let F : Po(R?) — R be a mean field functional. Denote by 2£ : Po(RY) x R? — R
its linear functional derivative and by D,,,F' = V£ : P,(R%) x R? — R? its intrinsic
derivative, if they exist. The definition of linear functional derivative on P,(RR?) can be
found in [4, Definition 5.43].

Let X and Y be random variables. We denote the distribution of X by Law(X) and
say X ~ m if m = Law(X). We also say X <V if Law(X) = Law(Y").

The set of couplings between probabilities 1 and v is denoted by II(y, v).

Let N > 2 be integer. The bold letters xy = (2!,...,2V), vy = (v!,...,v") denote
respectively N-tuples of elements in R? and zy = (z',..., 2") an N-tuple of elements in
R2?, We omit the subscript N when there are no ambiguities. Given xy = (z!,...,2V) €
EJP 29 (2024), paper 17. https://www.imstat.org/ejp
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R4N, we denote the corresponding empirical measure by

1 N
Hxy = N 25:1:7
=1

Fori=1,..., N, we define —i = {1,..., N} \ {i}, that is, the complementary index set,
and we denote the empirical measures formed by the N — 1 points (z;),x; by

1
‘th;]i = m Zéw
J#i

For an R*"-valued random variable Xy = (X*)Y |, we can form the random empirical
MEASUTes (X v, fix -

LetI Cc{l,...,N}and J={1,...,N} \ I be the complementary index set. Let Z be
an R?%" -valued random variable and and m" be its distribution, belonging to P(R2??").
We denote the marginal and the (regular) conditional distributions of m by

m™N! = Law(Z%)er,

mN I (27) = Law((Z9)ier| 20 = 7, j € J),

where the latter is defined m™/-almost surely and z’ denotes the tuple (z7),c;. We
identify ¢ with the singleton {i} when working with indices.

Whenever a measure m € P(R?) has a density with respect to the d-dimensional
Lebesgue measure, we denote its density function by m equally. The relative H(:|-)
between probabilities are always well defined and the absolute entropy H(-) is also
well defined if the measure in the argument has finite second moment. If a measure
m € P(R?) has distributional derivatives Dm representable by a finite Borel measure
and Dm is absolutely continuous with respect to m, we define its Fisher information by

- 2

= is the Radon-Nikodym derivative. Otherwise we set I(m) = +oo. One can
verify that I(m) is finite only if m € WH1(R%)!, and in this case I(m) = [ %, vm
being the weak derivatives in L'(R% R?). The Fisher information defined in this way
corresponds to the functional considered in [1, (2.26)]. If m is a measure on R4 having
finite Fisher information, and if v is another measure on R having weakly differentiable
density with respect to the Lebesgue, we define the relative Fisher information by

Vm V
I(m|y) :/‘m—j

For nonnegative functions f : R? — [0, +-0cc0) we define its entropy by

2
m,

where

2

Entm .f = Em [f 1Og .f] - Em [f] IOg Em [f]7

which is well defined in [0, +00] by Jensen’s inequality.

1We sketch the proof here. Suppose m has finite Fisher information. Set m™ = m % p” for a mollifying
sequence (p")pen. Then we have |m™||y1,1 < C for all n € IN. By Gagliardo-Nirenberg, m™ is uniformly
bounded in LP for some p > 1, so upon an extraction of subsequence, (m™),cn converges to some m’ € LP
weakly. But m™ — m in P. The two limits coincide, i.e. m = m’. Hence m has density with respect to the
Lebesgue and so does Dm.

EJP 29 (2024), paper 17. https://www.imstat.org/ejp
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Organization of paper. In Section 2, we introduce our assumptions, define the kinetic
mean field Langevin and the particle system, and state our main results. We provide
in Section 3 an exemplary dynamics modeling neural networks’ training and present
our numerical experiments. Moving on to the proofs, we first show in Section 4 the
exponential convergence of the mean field and particle system dynamics. We then study
in Section 5 finite-time propagation of chaos and regularizations of the kinetic MFL
before combining all previous results and showing the propagation of chaos theorem in
its full form. Finally, several technical results are proved in the appendices.

2 Assumptions and main results

Assumptions. Let F' : P,(R?) — R be a mean field functional. We suppose F is convex
in the sense that for every ¢ € [0, 1] and every m, m’ € Py(R4),

F((1=t)ym+tm') < (1 —t)F(m) +tF(m'). (2.1)
Suppose also its intrinsic derivative D,,F : Po(R%) x RY — R? exists and satisfies

Vo, 2’ € RY, Ym,m' € Py(RY),
|Dp F(m,z) — Dy F(m/,2')| < ME Wi (m,m') + ML

mm

r—2| (2.2)

al

for some constants ML, , ME > 0. For each m € P2(R?) we define a probability
measure I1%(m) on R? by I1® (m)(dz) o exp(—2L (m, z))dx and suppose II%(m) satisfies
the p®-logarithmic Sobolev inequality (LSI), umformly in m, for some p* > 0, that is, for

every m € Py(RY),
Vf € Cl} (Rd)v PI Entl’lz(m)(fQ) < Eﬂz(m) va‘z] (2.3)

Finally for some of the results we suppose additionally that F' is third-order differentiable

in measure with sup,,,cp, ra) SUP, 4 cRra |DZF(m, =, x’)| < MF  and

VYm,m' € Py(RY) V:ceIRd

‘//{ s .28~ VS >]m(dx’)m(dx”)
<MF

mmm

(2.4)

F
for some constant M. ..

Definition of /» and functional inequalities. For each m € P(R??), we define 7 to
be the probability on R?? satisfying

oF 1
m(dxdv) « exp (—m(mz, x) — 2|v2> dzdv, (2.5)
where m” is the spatial marginal of m. Sometimes we will abuse the notation and define
for a measure m’'® € P5(R?), the probability m/*(dzdv) o exp(— 2L (m'®, z) — |v|?)dzdv.
If I satisfies (2.3) with the LSI constant p”, then setting
e 1
p=p Nz, (2.6)
2
we have that the p-LSI holds for 7: for every f € C}(R?%),

pEnty (f?) <Ep[|VfI?]. (2.7)

EJP 29 (2024), paper 17. https://www.imstat.org/ejp
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As a consequence, we have the Poincaré inequality: for every f € C}(R??),

2p Vary, (f) < Eg [V f]?]; (2.8)

and Talagrand’s T, transport inequality: for every u € Pa(R24),

20W3 (n, 1) < H(ulin). (2.9)

Mean field and particle system. We study the mean field kinetic Langevin dynamics,
that is, the following McKean-Vlasov SDE

dX; = Vidt,
(2.10)
dV; = —Vydt — D, F(m{, X;)dt + V2dW;, where m{ = Law(Xy).
Let N > 2. The corresponding N-particle system is defined by
dX} = Vidt
(2.11)

N
3 L % % 1
AV = ~Vidt — Dy F(ux,, X{)dt +V/2dW;, where px, = v D by
j=1

Here W and W' are standard Brownian motions in R?, and (W*)Y_, are independent.
Their marginal distributions m; = Law(X;), m) = Law(X;) = Law(X}, ..., X}V) solve
respectively the Fokker-Planck equations:

om=A,m+V, (mv)—v-V,m+ DmF(mf, :c) -Vom, (2.12)

N
am” = Z(AvimN + Vi - (mM0?) — o' - VamY + D Fuy, ) - VvimN), (2.13)

i=1

where on the second line py = % vazl 6,:. The mean field equation (2.12) is non-linear
while the N-particle system equation (2.13) is linear. We will show in Lemma 4.5 the
wellposedness of the mean field dynamics (2.12) with initial conditions of finite second
moment.

Remark 2.1. We have fixed the volatility and the friction constants to simplify the
computations. In order to apply our results to the diffusion process defined by

dX; = aVidt,

(2.14)
d% = —’y‘/tdt — DmF(LaW(Xt), Xt)dt + O'th,
with «, v, ¢ > 0, we introduce the new variables:
923 1/2 92 1/2
l‘I:(V) z, U/:(’Y) v, t/Z’y_lt,
(6702 ag
define m’ to be the push-out of measure m under = — z’, and set
9 \1/2
Fim)=— F .
)= (%) Fom)
Then the stochastic process t' — (X}, V}) satisfy
ax, =V/,dt',
AV}, = —Vjdt' — Dy F' (Law(X],), X,/ )dt + V2dW}),
EJP 29 (2024), paper 17. https://www.imstat.org/ejp
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where W/, := v'/2W, is a standard Brownian motion. In the same way we can treat the
particle system defined by

dX} = aV/idt
, , . . 1 Y (2.15)
AV} = —yVidt — Dy F (ux,, X;)dt + odW;, where ux, = ~ D ok

j=1

Free energies and invariant measures. For measures m € Py(R2%), m" € Py(R?*V),
we introduce the mean field and N-particle free energies:

F(m)=F(m”*)+ %/|v\2m(dxdv) + H(m), (2.16)
FNmN) = /(NF(,ux) + ;V|2>mN(dde) + H(m"). (2.17)

The functionals are well defined with values in (—oo,+c0]. We will also work with
probability measures, ms € P2(R?4) and m%, € Py(R?*), satisfying

5F, . 1,
Moo (dxdv) o exp <6m(moo,x) - §|v| >dzdv, (2.18)
1
m¥ (dxdv) o exp (—NF(ux) — 2|v|2) dxdv, (2.19)

and having finite exponential moments, i.e., the integrals [ exp(a(|z| + [v]))moo(dzdv)
and [ exp(a(|x| + |v|))m& (dxdv) are finite for every a > 0. We call mo,, mY, invariant
measures to the dynamics (2.12) and (2.13) respectively. The existence and uniqueness
of the invariant measures are guaranteed by our assumptions (2.1) to (2.3), as will be
stated in Lemma 4.1.

Main results. Recall that m; and mi’v are the respective marginal distributions of the
mean field and the N-particle system (2.10) and (2.11). We first prove the exponential
entropic convergence result for the MFL dynamics (2.10).

Theorem 2.1 (Entropic convergence of MFL). Assume F satisfies (2.1) to (2.3). If myg
has finite second moment, finite entropy and finite Fisher information, then there exist
constants

Co = C’O(Mf;m, Z\ng)7 K= ,‘-@(pg”7 M,I;w, Mf;:m)
such that for everyt > 0,
F(mi) — F(mso) < (F(mo) — F(meo) + Col (mg|rng))e™ " (2.20)

The proof of the theorem is postponed to Section 4.2. We note that the proof only
relies on the Ws-Lipschitz continuity of m +— D,,, F(m, x), contrary to the IW; one stated
in (2.2).

Our second major contribution is the uniform-in-/NV exponential entropic convergence
of the particle systems.

Theorem 2.2 (Entropic convergence of particle systems). Assume F' satisfies (2.1)
to (2.3). If mé\’ has finite second moment, finite entropy and finite Fisher information for
some N > 2, then there exist constants

CO :CO(M”ITLI’MEW)’ Cl :Cl(px’Mnlz Mnlzm)7 ﬁ:’%(pvaF

mz?Mrfrzm)

T

EJP 29 (2024), paper 17. https://www.imstat.org/ejp
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such that if N > C4/k, then for every t > 0,

FN(mpY) = NF(ms) < (]—"(mév ) = NF(meo) + CoI (mg) |mg))e*<ﬁfcl/N>t

Chd

+/€—Cl/N.

(2.21)

The proof of the theorem is postponed to Section 4.3.

Remark 2.2. Strictly speaking, the result (2.21) does not imply that the particle systems
converge uniformly. We only show &7V (m}) approaches the mean field minimum

F(mso) uniformly quickly until they are O(N ~!)-close to each other.

Remark 2.3. Theorems 2.1 and 2.2 state results concerning the convergence of the
respective free energies, which we will also call “convergence of entropy” or “entropic
convergence”, since in both cases the differences of free energies are related to relative
entropies, as shown in Lemmas 4.2 and 4.3.

We now present the main theorem, which establishes the uniform-in-time propagation
of chaos in both the Wasserstein distance and the relative entropy. The results are
direct consequences of the exponential convergence in Theorems 2.1 and 2.2 and the
regularization phenomena to be studied in Section 5.

Theorem 2.3 (Wasserstein and entropic propagation of chaos). Assume F' satisfies
(2.1) to (2.4). If my belongs to P2(R?) and m{’ belongs to Po(R) for some N > 2,
then there exist constants Cy = Cy (M}, ME  ME ), Co = Co(p”™, ME,, ME, ) and
k= k(p®, ML, ML ) such that if N > Cs/x, then for everyt > 0,

W22 (miv, m,(?N)

< min{C’1W22 (mév,m?N)eclt + C1 (et — 1) (Varmg + d),

CoN o it Co oo/ N Ny, —(k—C: Cod
2y, e " W, ONY,—(n-Ca/N)t , _ C2d |
ATy V2 moMmeo)e ™ + g 2 (mg', e e TGN
(2.22)
moreover, for every t and s such thats+1>t>s >0,
C

H(miv|mg®N) < i ! E Wg(mév, m?N) + Cl(ecl(t_s) — 1)(Varmg + d). (2.23)

— S

The proof of the theorem is postponed to Section 5.4.

Comments on the assumptions. Compared to our previous work [7], we have re-
moved the technical assumption that  — D,, F'(m, z) has bounded higher-order deriva-
tives by a mollifying procedure of the mean field functional. However, the spatial
Lipschitz constant MY , appearing in the assumption (2.2), will contribute to the con-
stants, especially the rate of convergence «, in our theorems. Nevertheless, this behavior
is expected for kinetic dynamics, as this dependency is already present for the linear
Fokker-Planck dynamics in [40]. Finally, we introduce the new condition (2.4) on the
second and third-order derivatives in measure of the mean field functional. The condition
(2.4) is used to obtain O(1) errors in the propagation of chaos bounds (2.22) and (2.23)
in Theorem 2.3, which are stronger than the dimension-dependent errors obtained from

the method of Fournier and Guillin [12].
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3 Application: training neural networks by momentum gradient
descent

We have given in Section 3 of our previous work [7] several examples of mean field
functionals satisfying conditions (2.1) to (2.3) of our theorems, and the only additional
condition that remains to verify is the bound on the higher-order measure derivative
(2.4). In the following we will recall the mean field formulation of the loss of two-layer
neural networks and its corresponding kinetic dynamics (see [7, Examples 2 and 4]), and
verify that it satisfies indeed the additional assumption.

3.1 Mean field formulation of neural network

Recall that the structure of a two-layer neural network is determined by its feature
map:
RY3 2 &(6;2) == L(c)pla-2+b) € RY,

where 0 := (¢,a,b) € RY x R? x R =: § is the parameter of a single neuron, ¢ : R — R is
a non-linear activation function satisfying the squashing condition (see [7, (3.4)]), and
¢:R — [-L, L] is a truncation function with threshold L € (0,+o0). Here the action of
the truncation is tensorized: £(c) = £(c!,...,c?) = (£(c!),...,£(c?)) for a d’-dimensional
vector ¢ = (c!,..., cd/). Then given N neurons with respective parameters 6, ..., 6V,

the associated network’s output reads
1
d Npl N._\ _
R z+— ®V(6°,...,0 ’Z)_N;:lq)(eL’Z)GR (3.1)

Here z should be considered as the input of the network, i.e. the feature, and the
value <I>N(917 NUNCAE z) should correspond to the label. We wish to find the optimal
neuron parameters (;))Y; for a possibly unknown distribution of feature-label tuples
we P(RdJ’d'). In order to quantify the goodness of networks, we define the loss:

N
Fie(0',. - 0Y) = = /Iy =N (O, 0N 2) P u(dzdy). (3.2)

It is proposed in [18, 7] that instead of minimizing the original loss (3.2), we consider
the mean field output function E®~"[®(0;-)] and minimize the mean field loss

Fﬁ%aﬁn)::/Wyng@”"ﬂ¢(@;@H2u&hdy) (3.3)

We also add a quadratic regularizer

A
Fesa(m) = 5 [ 16Pm(as)
with regularization parameter A > 0. The final optimization problem then reads

inf  F(m) := Fxnet(m) + Fext(m). (3.4)
mePz(S)

Following the calculations in [7] we can show that if both the truncation and activation

function are bounded and has bounded derivatives of up-to-second order, then the
3

conditions (2.1) to (2.3) are verified. Finally, the third-order derivatives gnf; is a constant

thanks to the fact that the loss function is quadratic, and therefore the condition (2.4) is
satisfied with Mf = 0.
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Remark 3.1. Following [7, Remark 3.6], we recognize that the SDE (2.10) describes the
continuous version of the gradient descent algorithm with momentum. Among various
momentum gradient descent methods commonly used to train neural networks, the most
prevalent ones are RMSProp and Adam algorithms (see [17, 22]), where the momentum
is accumulated and the step size is adapted along the dynamics. In [26, 37, 31] the
authors studied the convergence of these momentum-based algorithms and compared
them to algorithms without momentum based on optimization theory. We note that
estimates of the discretization error and optimal parameters can also be found in these
studies.

3.2 Numerical experiments

We present our numerical experiments in this section. Our experiments are based on
the discretized version of a particle system dynamics (2.15). We first explain the opti-
mization problem and the numerical algorithm, and then present our two experiments:
the first investigates the convergence behavior as the number of particles tends to
infinity, and the second compares the kinetic dynamics to the corresponding overdamped
dynamics.

Problem setup and momentum algorithm. We aim to solve a supervised learning
problem: our goal is to classify the handwritten digits “4” and “6” by a two-layer neural
network. We randomly choose K = 10* samples from the MNIST dataset [25] and denote
by (2;)X | the figures in 28 x 28 pixel format, i.e. each z; belongs to R?*2® = R84,
and by (yk)szl the one-hot vectors for the two classes of digits, i.e. if the k-th figure
corresponds to the digit “4”, then y; = (1,0), otherwise y, = (0,1). See Figure 1 for
random samples in the dataset. We choose N particles and use the sigmoid function as
the activation, i.e. ¢(z) = 1/(1 + exp(—z)). The truncation function is fixed by

exp(2z/L) — 1

{(xz) = Ltanh(z/L) = L oxp(2w/L) +1

and its threshold equals L. The quadratic regularization parameter is denoted by A.
Following the arguments of [7] and the precedent section, all the conditions of our
theorems (2.1) to (2.4) are satisfied. In the beginning of training process, the neuron
positions (O4)N, = (C5, AY", B¥")N | and momenta (V})N, = (Cy*, Ay', BY)N.| are
sampled independently from a given initial distribution m%, m§ € P(R? x R™* x R). We

Figure 1: Randomly chosen handwritten digits “4” and “6” from the MNIST dataset.
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Algorithm 1: Noised momentum gradient descent for training a two-layer neural
network
Input: number of particles N, truncation L, data set (zy, yk)kK:l, noise o, friction
7, lo regularization A, initial distribution (m3,mg), time step At, time
horizon T
Output: (05)N,
generate i.i.d. ©) = (Ay", By"',C5") ~m§ fori=1,..., N;
generate i.i.d. U} = (Ay*, By, Cy") ~mf fori=1,..., N;
fort =0, At, 2A¢t, ..., T — At do
generate i.i.d. N} ~ N(0,1) fori=1,..., N;
// update particles according to discretized underdamped Langevin
for:i=1,..., Ndo
Wiy ar = (1= YAOWE — Dy Fawet (3 3701 00, OF) At — AOIAL + o/ ALN;
Of ar < OF + Vi A AL
// where D, Fanet (4 SN 59{,92)

Jj=1
= L (e — TN}, ..., 0N 21)) B8 (0 21)

update the parameters (0})Y , and (¥})Y, following the discrete-time version of the

underdamped Langevin SDE (2.14) with fixed set of parameters («,~, o), that is, we
calculate the neurons’ evolution by Algorithm 1.

Convergence when N — +oco. To study the behavior of the momentum training
dynamics when N — +o0o0 we conduct independent experiments with the an increasing
number of particles: N = 2F for P =5, 6, ..., 10 and repeat the experiment 10 times for
each N. The hyperparameters for this experiment are listed in the second column of
Table 1.

Table 1: Hyperparameters of neural networks’ trainings.

Hyperparameter First Exp.’s Value Second Exp.’s Value
N 128,256, 512, 1024, 2048] 256
At 0.02 0.01
T 300 500
mé N(0,0.01) N(0,0.01)
me N(0,0.25) N(0,0.01)
L 500 500
A 1074 1073
«o 1 1
~ 0.1 0.1
o 0.01v2 0.01v2
To quantity the convergence, we compute + F{e;(07,...,0)) and +FY . (97,...,
W), where FY,o (¥!,...,¥N) .= 15N |¥i|2. We then compute its average of the

respective quantities over the 10 repeated runs. The evolutions of 3 Fiiye, and + File: +
%anet are plotted in Figure 2 and Figure 3 respectively, and can be characterized by
two distinct phases. In the first phase, both the quantities decrease and the second
quantity decreases exponentially, for every N. We also find that in this phase the
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N=128 10 5 N =128
N = 256 N = 256
N =512 N =512
107! 4 — N = 1024 . — N = 1024
. — N =2048 ze 10 — N =2048
B 2
if *
=
= -1
10
z=
2
1072 1
1072 3
6 SIO ].ll)D 150 2ll)0 2:1)0 360 tI) SIO 160 lf;O 2ll)0 2:")0 360
t t
Figure 2: Individual (shadowed) and 10- Figure 3: Individual (shadowed) and 10-
averaged (bold) losses without kinetic averaged (bold) losses with kinetic en-
energy versus time. ergy versus time.
i ] E_xperiment result —— Kinetic Langevin
\ . Fitted curve: o = Overdamped Langevin
N ™% y=0.007 +0.474N"100 107" 3
T 1072 A \ -
c —_ =1
7 \ 5 :__7____,23(10
fr : -2 4
_Lz i = : 10_3
L 9x1073 ~ “E 24 Al 6x10 e
T o | L
=2 N 5 [l Wy
iy \i 1)
= ~
8x 1073 ~
i‘ il -3
I 1073 4
T T T T T T T T T T T
7 8 9 10 11 0 100 200 300 400 500
loga (N) Step
Figure 4: Average values of %FNNet + Figure 5: Target function %FNNet for
%anet over the last 500 epochs. The mean underdamped Langevin (blue) and over-
(black squares) and standard derivations damped Langevin (red) versus time.

(error bars) are calculated from the 10 in-
dependent runs. Dashed curve fits the
data.

convergence rates are almost the same for different N and this is coherent with the
behavior indicated by our theoretical upper bound (2.21). We also observe that 4 F{{;
fluctuates in a stronger way than + Fi{e; + & Fiinet- In the second phase, both the values
cease to decrease but the remnant values differ for different N.

To investigate the relationship between the remnant values in the second phase and
the number of particles N, we compute the average value of 4 Fi{{ie; + - Fifine; Of the last
500 training epochs for each individual run and plot their values in Figure 4. Motivated
by the upper bound (2.21) in Theorem 2.2, we fit the remnant values by C’ + % and find
the values are well fitted by this curve.

Comparison to algorithm without momentum. We also investigate the difference
between gradient descent algorithms with and without momentum by working on the
same set of hyperparameters, listed in the last column of Table 1. It is found that the
algorithm with momentum leads to much stronger fluctuations compared the algorithm
without momentum (see Figure 5). Both algorithms cease to decrease after certain
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training epochs, but the momentum algorithm leads to better loss in the end. This may
be explained by the fact that the presence of momentum helps the particles to escape
local minima.

4 Entropic convergence

4.1 Collection of known results

Before moving on to the proofs, we first state some elementary results without proofs.
They are either immediate consequences of the corresponding ones in our previous work
[7], or easy adaptations thereof.

Lemma 4.1 (Existence and uniqueness of invariant measures). If I’ satisfies (2.1)
to (2.3), then there exist unique measures me, and mﬁ satisfying (2.18) and (2.19)
respectively and they have finite exponential moments.

Lemma 4.2 (Mean field entropy sandwich). Assume F' satisfies (2.1) to (2.3). Then for
every m € P>(R??), we have

MF ( F )2

H(m|ms) < F(m) — F(meo) < H(mlm) < <1 + ;”" + 27;72” )H(m|moo), (4.1)

where p is defined by (2.6). Here, the leftmost inequality holds even without the uniform
LSI condition (2.3), once there exists a measure m., satisfying (2.18) and having finite
exponential moments.

Lemma 4.3 (Particle system’s entropy inequality). Assume that F' satisfies (2.1) and
that there exists a measure m., € Po(RR??) verifying (2.18). Then for all m" € P(R)
of finite entropy, we have

H(mN m2N) < F¥(mY) — NF(m). (4.2)

Lemma 4.4 (Information inequalities). Let X1, ..., Xy be measurable spaces, i be a
probability on the product space X = X1 x--- x Xy andv =v' ® --- ® vV be a o-finite
measure. Then

N

N
S HG) < Hiav) < 3 [ H( ) ) ), 4.3)
i=1

i=1

Here we set the rightmost term to +oo if the conditional distribution ;*l~* does not exist
ut-a.e.

4.2 Mean field system

In this section we study the mean field system described by the Fokker-Planck
equation (2.12) and the SDE (2.10). Our aim is to prove Theorem 2.1. To this end, we
first show its wellposedness and regularity.

Lemma 4.5. Suppose F' satisfies (2.2). Then for every initial value mq of finite second
moment, the equation (2.12) admits a unique solution in C([0,0); Po(R%)). Moreover,
for every t > 0, the measure m; is absolutely continuous with respect to the Lebesgue
measure.

Proof. Since the drift D,, F(-,-) of the SDE system (2.10) is jointly Lipschitz in measure
and in space by our condition (2.2), the existence and uniqueness of the solution is
standard.
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To show the existence of density we recall Kolmogorov’s fundamental solution

V3 )dexp (3:10 — (@' + t)[?

2mt? t3

pt(xa v; x/a 'U/) = (

3oz — (2 +t)) - (v=0)  |u—
* 12 ot )

associated to the differential operator 0; — A, + v - V.. Then the Duhamel’s formula
holds in the sense of distributions:

me= [ gl ma(d)
¢
—|—/ // ps( 2 0V - (mt_s(dx'dv’)(v’ —|—DmF(mf_S,x')))ds. (4.4)
0

Since the first moment of m; is bounded, that is, for every 7' > 0, sup,c(o.7y [ (|v] +
|z])my(dzdv) < +00, we can integrate by parts in the second term of (4.4) and obtain

t
lmellp < 1+C/ sup|| Vo ps (32, 0") || 1 ds.
0 =0

By explicit computations we have sup,. ||V ps(-;2',0")|| 11 = O(s~1/2), from which the
existence of the density follows. O

We now introduce a technical condition on the mean field functional: the mapping
x — D, F(m,x) is fourth-order differentiable with derivatives continuous in measure
and in space, and satisfying

sup  sup V"D, F(m,z)| < +o00, k=23, 4. (4.5)
meP(RE) zeR?

This condition will be used to derive some intermediate results in the following studies
of the mean field dynamics.

Definition 4.6 (Standard algebra). We define the standard algebra A, to be the set of
C* functions h : R?¢ — (0, c0) for which there exists a constant C such that

4
[log h(z,v)| < C(1+ |z| + |v|) and Z|th(x,v)’ < exp(C(1 + |z] + [v]))
k=1

holds for every (z,v) € R??. For a collection of functions (h,),c; we say h, € A, uniformly
forv e I or (h,),er C Ay uniformly, if there exists a constant C' such that the previous
bounds holds for every h,, t € I.

Proposition 4.7 (Density of 4,). Assume F satisfies (2.2) and (4.5) and there exists a
measure me satisfying (2.18) and having finite exponential moments. Then for every
m € Po(R?) with finite entropy and finite Fisher information, there exists a sequence of
measures (my)nen Such that m,/mq € Ay and

Wy(mp,m) =0, H(my)— H(m), I(m,)— I(m)

when n — +oo.
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Proof. Let e be arbitrary positive real. Put h = m/me. Define hl, = (h An)V L and the
associated probability measure m/, = hl,ms/ [ hl;mo. Let N € N be big enough so that
J Wymoo > 0. Note that

2
sup |z|*m], () <
n>N| [P (@) thmoo

that is to say, the second moments of (m/,),cn are uniformly bounded. Together with the

fact that the density of m/, converges to that of m pointwise, we have m), — m in Ps. By

the dominated convergence theorem, the sequence of measures m/, satisfies

[ Tog(Rymag)yme
f hymes

Moreover, we have the convergence of Fisher information as

|V (h],meo)|? |Vmeo|?h!, Vh-Vime  |Vh]*ms
= +12 + 1y /n<n<n

h/, moo moo hmoo h’

H(my,) =

- log/h’nmoo — /mlogm, when n — +o0.

converges to I(m) when n — 400, where we used the fact that the weak derivatives
satisfy Vh!, = Vh1ly/n<n<n. Hence we may choose ny € IN such that

Wa(ming,m) + [H(mn,) — H(m)| + [I(mn,) — I(m)] <

w\m

Now set m;, = m;, *1,, where (1, )nc is a sequence of smooth mollifiers supported in the
unit ball. We have m;;, — m;, in P,. By the convexity of entropy and Fisher information
we have H(m])) < H(m), ) and I(m!) < I(m], ), and by the lower semicontinuities in
Lemma A.1 we have liminf, , o H(m]) > H(m], ) and liminf, 4 I(m}) > I(m],).
Hence,
W (myy iy, ) + [H (miy) = H (i, )| + [ (mi7) = 1(m7,,)[ =0
when n — +oco. So we ple another ny € IN such that Wy (m ,m}, ) + |H(m] ) —
H(mi,,)| + |1(mf),) = I(mj, )| <e/2.
It remains to verlfy that ml / Mo belongs to A, . By the definition we have

my ~(W'meg) * p,

Moo Moo
for some h” with 0 < inf h” < sup h” < +o0. Hence for every z € R??,

Sinfp1) Mee _ my (2)
Moo (2) T Meo(2)

SUPB(z,1) Moo

moo(z)

nf h sup h”’

On the other hand, the gradient of m., satisfies |V 1og ms(2)| < |DpF (Mmoo, x)| + |v| for
every z = (x,v) € R??, In particular, we have

infp(:,1) Moo < SWPB(z,1) Moo
Moo (2) N Moo (2)

exp(—C(1 +|z| + |v])) < < exp(C(1+ |z +[v])),

for some constant C. Therefore, mgl / My verifies the first condition of A, .
Now verify the conditions on the derivatives. The derivatives read

" k " j
o

=0

For each term in the sum, we can bound its first part by

‘ (h'"mesg) % Vjpm (2)
Moo (2)

< exp(C(1+ |2])),
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using the same method that we used to verify the first condition of .4 ,. Moreover, since
our assumptions (2.2) and (4.5) imply

[Viogmao(z)] < C(1+2[) and  |VFlogme(2)] <C fork=2,3,4,

the second part of each term of the sum, m.V*~7(mz}), is of polynomial growth. The
proof is then complete. O

Then we show the stability of the set 4, under the mean field flow. This property
will be used to justify the computations in the proof of Theorem 2.1, as is usual in the
analysis of PDE.

Proposition 4.8 (Stability of A, under flow). Assume that F' satisfies (2.2) and (4.5) and
that there exists a measure m.., satisfying (2.18) and having finite exponential moments.
Let (m¢)iepo,r) € C([0, T); P2(R%)) be a solution in the sense of distributions to the mean
field Fokker-Planck equation (2.12). If mg/mes € A4, then my/mq, € Ay uniformly for
t € [0,T]. In particular, m; is a classical solution to the Fokker-Planck equation.

Proof. In the following C will denote a constant depending on ML , ML . the initial
value hg = h(0,-) := mg/ms, the time interval T and the bounds on the higher-order
derivatives maxg—s 3 4 Sup,, .| V¥D,, F(m,z)|, and it may change from line to line. For a
given quantity @, we denote by Cg a constant depending additionally on Q.

Denote b;(z) = —D,, F(my,z) and boo () = —Dp, F(meo, ). We also define h;(x) =

m¢(x) /Mmoo (). The relative density solves

Oth = Ayh —v-Vyh—v-Vih —b - Vyh + (b — bso) - vh. (4.6)

Fix t € [0,7]. We construct for every z = (z,v) € R?¢, the stochastic process Z!* =
(Xt# V*t?), solving

dXb* = —Viads,
AVE* = —VEAds — by_ o (X157 ds + V2dW

S

for s € [0,t] with the initial value X* = x,V}* = v and the same Brownian motion
(WS)SE[O,t]-

Regularity of Z%*. Set M"* = sup,c(, |Z5*|. By It6’s formula and Doob’s maximal
inequality, the processes satisfy for every a > 0,

E[exp(aM"?)] < exp(Ca(1+ |2])). (4.7)

Thanks to the assumption on the uniform boundedness of the higher-order derivatives
(4.5), the mapping z — Z5* is C* and the partial derivatives solve the Cauchy-Lipschitz
SDEs for k =1, 2, 3, 4:

dVkxhz = VRV hAds,
k
AVFVPE = —VFVERds =Y Wby (XDP) By (VXL?, .. VRt X2 ds,

j=1

where By, ; is a k — j + 1-variate polynomial and in particular By 1(z1,...,2s) = 2. The
initial values of the SDEs read

VZy*=1d and VFZ{®=0 fork=2,3, 4.
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By induction we can obtain the almost sure bound

max  sup |VkZ§’Z| <C. (4.8)
k=1,2,3,4 s€[0,4]

Regularity of h by Feynman-Kac. Denote g(t,z) = g(t,z,v) = (bi(z) — bo(z)) - v. It
satisfies

|g(t, 2)| < My, Wa(my, meo) o] < My, sup Wa(me, moo)|v| = Clo|
t€[0,T)

and also |V¥g(t,2)| < C(1+ |z]) for k = 1, 2, 3, 4. The Feynman-Kac formula for the
parabolic equation (4.6) reads

t
h(t,z) =E [exp (/ g(t—s, Zz’z)ds>h(0, Zf’z)]. (4.9)
0

Using the method in the proof of [7, Proposition 4.12], we can prove
llog h(t, 2)| < C(1 +|2]).

Moreover, thanks to the estimates (4.8), we can apply the dominated convergence
theorem to the Feynman-Kac formula (4.9) and obtain that z — h(t, z) belongs to ct
with partial derivatives

J

k t t
th(t, z) = E [exp (/ g(t — s, Zﬁ’z)ds> P; (/ Vzg(t — s, Zz’z)ds, e
-0 0 0
t

Vig(t—s, Zﬁ’z)ds> Vi h(0, Zf’z)] ;
0

where P; is a j-variate polynomial. Note that

E

VEF(ZL?) = VUF(ZE7) B (V23 VR 707
£=1

holds for f = g(t — s,-),s € [0,¢] and for f = h(0,-). We apply the bounds on |V¥g|, |V*h|
for k=0, 1, 2, 3, 4 and the exponential moment bound (4.7) to obtain that N’“h(t, z)| <
exp(C(1 + |2)) for k =1, 2, 3, 4. Finally, the derivatives Vh, V2h exist and one can show
that they are continuous in time by differentiating (4.6) twice in space. So again by the
equation (4.6) we have 0;h is continuous and therefore exists classically. Thus m; is a
classical solution to the Fokker-Planck equation (2.12). O

Remark 4.1. The polynomials appearing in the previous proof belong to the non-
commutative free algebras over R of respective number of indeterminates instead
of the usual polynomial rings, as the tensor product is not commutative.

After the technical preparations we prove Theorem 2.1.

Proof of Theorem 2.1. Suppose first that the mean field functional F' satisfies addition-
ally (4.5) and the initial value of the dynamics is such that mg/m., belongs to Ay,
which is the standard algebra defined in Definition 4.6. According to Proposition 4.8,
the measure m; belongs to .4, uniformly in ¢, for every 7' > 0. Since we have that
2 = My (2) /Mmoo (2) is C* with
my F
sup |Vleg —(2)| < M. Wa(myi, moo)
zeR24 Moo
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and

m
max sup |V¥log ——(z)| < M,
k=2,3,4 2€R24 Moo

for some constant M, the alternative relative density 7;(z) := my(2)/my(z) is C* in z and
there exists a constant My such that

4
nt(z)+i+2|vknt(z)f < exp(Mr(1+ |2])) (4.10)
m(2) 1

for every (t,z) € [0,T] x R??. The constant M7 may change from line to line in the
following.

In the following we will adopt the abstract notations introduced by Villani in his
seminal work on the hypocoercivity [40]. Define H; = L2(fnt), A, =V, and B; =
v+ Vg — Dy F(my,x) - V,. The adjoint of A; in H; is therefore A} = —V, + v, while B; is
antisymmetric: B} = —B;. Define the commutator C; = [A¢, B] = A:B: — BiA; = V.
Finally define L, = A} A; + B; and u; = logn;. The Fokker-Planck equation (2.12) now

reads

orm
;;L ¢ = _Ltnt = —(A:At + Bt)T}t. (411)
t

Adding anisotropic Fisher. Let a, b, c be positive reals to be determined. We define the
hypocoercive Lyapunov functional

E(m) = F(m) + a/‘VU log %(Z)Fm(dz)
+ 2b/VU log %(2) -V log %(z)m(dz) + c/‘vw log %(z) 2m(dz), (4.12)

where F(m) = F(m) + 3 [ |v|*m + H(m) is the free energy. We also denote the sum of
the last three terms in (4.12) by I, 5 .(m¢|rn), so that

E(m) = F(m) + Iy p.c(me]ring).

Thanks to Proposition 4.8 and in particular the bound (4.10), we can show that the
quantity £(m;) is well defined for every ¢ > 0 and is continuous in ¢. We will show in
the following that ¢ — £(m,) is in fact absolutely continuous and calculate its almost
everywhere derivative. To this end, for every ¢t > 0 and every h > —t, we define

E(miyn) — E(my) = (F(myyn) — F(my))
+ (Ia,b,c(mt+h|mt+h) - Ia,b,c(mt|mt+h)>
+ (Tap.c(melmisn) = Lap,e(milimy))
= A1+ Ag + As.

Contributions from A; and A,. We first calculate the contributions from A;. Using the
Fokker-Planck equation (2.12) and the bounds (4.10), one has |A;| < Mrh for every ¢, h
such that ¢t and ¢ + h belong to [0, T]; moreover, by the dominated convergence theorem
one has for almost every ¢ > 0,

Al d]:(mt) me 2
lim — = =— [ |V,log —(2)| mi(z)dz = — AuQm,
h—0 h dt / Y gmt() (%) /l "y
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where the right hand side is continuous in ¢. The above inequality then holds for every
t > 0. Define the 4 x 4 matrix

1 0 00
00 0O
Kr=19 0 0 0]
00 00
and denote the Hilbertian norm by || - || = || - ||z2(m,). Introduce the four-dimensional
vector .
Yy = ([[Avuell, || Afue ||, | Couell, |CoApue]) " (4.13)

Then we have for almost every t > 0, limj,_,o A; /h = —Y,T K} Y;.

Next calculate the contributions from A,. Arguing as we did for A;, again we have
|Ag| < Mph. Applying the dominated convergence theorem and compute as in the proofs
of [40, Lemma 32 and Theorem 18], we obtain that for almost every ¢ > 0, the limit
limy, o Ao /h exists and is upper bounded by —Y," K>Y;, where

2a —2ME b —2b —2a 0
0 2a  —2ME ¢ —4b

K= 0 0 2b 0
0 0 0 2c

Contributions from Az. Now we calculate the last term Ag:=1, p o (M| Metn)—Iab,c(Me]1721).
Note that V, log 7 (z) = —v and, by the Ws-Lipschitz continuity of m — D,, F(m,x), we
have

Vi logmiin(z) — Vi log mt(z)| = ‘DmF(mf+h, x) - DmF(mf7 x)‘

< Mf;ng (merh,mf).

So for each z € R??, we know that Vlogm(z) is continuous in ¢, and is absolutely
continuous once ¢ — m{ is absolutely continuous with respect to the W, distance in the
sense of [2, Definition 1.1.1]. Let us show the latter. Integrating the speed component in
the Fokker-Planck equation (2.12), we obtain

omi 4+ Ve - (vfmf) =0, (4.14)

where
o [ vmy(z,v)dv B J V., log %(m,v)mt(x,v)dv
[ my(z,v)de [ my(z,v)dv

vg (2)

is the average speed at the spatial point . The L? norm of the vector field in the
continuity equation (4.14) satisfies

2 1/2

my (m)dm)

[V, log Bt (x, v)my(x, v)dv
v |2 (me) = ‘
9 1/2
my
< (/\vv log = (z)‘ mt(dz)> — | Asus|| < Mr,
t

[ my(z,v)dv

where the first inequality is due to Cauchy-Schwarz. Applying [2, Proposition 8.3.1] to
the flow ¢ — m{ and its continuity equation (4.14), and using [2, Theorem 1.1.2], we
obtain

t+h
Wa(mf,p,, mf) < / |Asus||ds < Mrh
t
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for every ¢, h such that ¢ and ¢ + h belong to [0,7]. So the mapping ¢ — V log . (z) is
absolutely continuous with almost everywhere derivatives satisfying
OtV logm(z) =0,
\@Vm logmt(z)| S Mi‘m |At’LLt|| S MT.

7

Then we obtain |Az| < Mrh. Moreover, by the dominated convergence theorem, we
have for almost every ¢ > 0,

: ‘A3| F a b 0
=51 «
}lLlII%) | 2M;, (|Atut(z)|,|C’tut(z)|) b c) Ulagul my(dz)
< 2M (0| gl Ague || + el Avue || Cowe ) = Y, K5Y

by applying Cauchy-Schwarz again, where

K3 :=2MFE

o O O o

o O O
S o o0
(= eriier i en)

0

Hypocoercivity. Our previous bounds on Ay, k¥ = 1, 2, 3 establish that ¢ — £(m,) is
absolutely continuous (locally Lipschitz, in fact) with its almost everywhere derivative
satisfying %5(mt) < ~Y,"KY;, where K is defined by K; + K, — K3 and is equal to

L4+ 2ME a—2(ME + ME )b =20 —2a—2ME ¢ 0

0 2a —oMF ¢ —4b
0 0 2b 0
0 0 0 2

As in the end of the proof of [40, Theorem 18], we can pick constants a, b, ¢ > 0,
depending only on MF and M , such that ac > b* and the matrix K is a positive-

mx mm’

definite. Let o be the smallest eigenvalue of K. Then we have

d€(my)
dt

< —a(l|Awue]® + |Crue||® + || AZue||* + (| Ce Aguy||?)
S —a(HAtUtHQ + HCtutHQ) = —aI(mt|mt)

Hence for every t, s such thatt > s >0,
t
E(my) < E(my) — a/ I(main)du. (4.15)

Approximation. We now show that the inequality (4.15) holds without additional assump-
tions on the mean field functional F' and the initial value mg.

First, suppose still that F' satisfies (4.5) but no longer suppose mg is such that
mo/ms € Ay. The initial value mg belongs to P,(R?) and both H(m) and I(m) are
finite, so thanks to Proposition 4.7, we can pick a sequence of measures (m;’o)n cn €ach
of which belongs to A, such that

lim Wa(my, o, mo) + |H(my, o) — H(mo)| + [I(m}, 5) — I(mo)| = 0.

n—oo
As proved above, the inequality (4.15) holds for the flow (m;L,t) >0 that is,
t
E(ml, ) < E(ml o) —a /0 I(m, |, ) ds.
EJP 29 (2024), paper 17. https://www.imstat.org/ejp
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By the continuity with respect to the initial value of the SDE system (2.10), we have also
m;,t — my in the weak topology of P;. We recall in Lemma A.1 that both the entropy and
the Fisher information are lower semicontinuous with respect to the weak topology of
P,. Taking the lower limit on both sides of the inequality above, we obtain (4.15) with
s = 0 for the original flow (m);>0.

Second, we no longer require F to satisfy (4.5) and set Fj(m) = F(m x py) for a
sequence of smooth and symmetric mollifiers (pj)ren in R? with supp pr. € B(0,1/k).
The linear derivative of the regularized mean field functional reads 32« (m, ) = £ (m

om — om
Pk, ) *pk, and its intrinsic derivative reads D,, Fi(m, ) = D, F'(m*py, -)*pr. Consequently,

| Dy Fy(m/,2") — Dy F(m, 2)| < ML, Wa(m/,m) + M, |2" — x|
MF 4 MF
7"“*]; mm - (4.16)

Moreover, VD, Fi.(m,-) = VD, F(m * pg, ) * pr, and

VED Fr(m, ) = Dy F(mx pi,-) * VEpr = VD F(mox pi, <) * VE L py,
is continuous for £ > 0 and bounded for k£ > 1. In particular F} satisfies (4.5). Define
Ex(m) = F(m)+ 1 [ |v|*m+ H(m) + I, ,c(m|m) and here i should be understood as the

Gibbs-type measure defined with Fj instead of F. Let (mj, ,);>0 be the flow of measures
driven by F} with the initial value m;g’o = myg. Our previous result yields for every ¢t > 0,

m%’s)d&

¢
Ex(my,) < Ex(mo) — a/ I(my
0
A1

where my ¢ is the probability measure proportional to

F 1
exp (_(35775 (my 4 x) — 3 |v|2> dzxdv.

From the bound (4.16) we deduce that mg’t — my in Ps for every ¢ > 0 by the synchronous
coupling result in Lemma 5.1. So taking the lower limit on both sides of the previous
inequality, we obtain the inequality (4.15) with s = 0 holds for general initial values and
general mean field functionals. In particular, for every ¢ > 0, the measure m; has finite
entropy and finite Fisher information. Then we apply the same argument to the flow
with the initial value ms and obtain the inequality (4.15) for general s > 0.

=05

and denote by |S] its largest eigenvalue. The Fisher information satisfies for every ¢ > 0,

Conclusion. Define the matrix

. 1 . 1 .
I(mt|mt) = if(mt|mt) + if(mt|mt)
. 1 .
2 2pH (meling) + 5 1(me i)

> 2p(F(my) — F(meo)) Lo p,c(melring)

1
T ays]
. (sz 2|15|) (E(ma) — E(ma)),

where on the second line we applied the uniform LSI (2.7), with p defined by (2.6), and on
the third line we used Lemma 4.2, m., = 7+ and S < \y. Applying Grénwall’s lemma®
to (4.15), we obtain the desired contractivity (2.20) with x = a(2p A (2|5])71). 0O

2The mapping t — & (my) is lower semicontinuous by Lemma A.1 and non-increasing by the inequality (4.15).

So it is cadlag. It then suffices to convolute the mapping ¢ — £(m¢) by a sequence of mollifiers compactly
supported in (0, 1), apply the classical Gréonwall’s lemma and take the limit.
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Remark 4.2. Our Theorem 2.1 can be compared to [40, Theorem 56], where kinetic mean
field Langevin dynamics with two-body interaction are studied and O(¢t~°°) entropic con-
vergence to equilibrium is shown, under the assumption that the mean field dependence
is small. This restriction is lifted by our method which leverages the functional convexity.

Remark 4.3. The regularized energy functional Fj is such that  — D,,Fj(m,x) has
bounded derivatives of every order. However m — D,, Fi,(m, z) remains only Lipschitz
continuous and we are not aware of any approximation argument that allows us to obtain
differentiability in the measure argument. Consequently we use still the result from [2]
to treat this low regularity.

4.3 Particle system

In this section we study the system of particles described by the linear Fokker-
Planck equation (2.13) and the SDE (2.11). Note that since the dynamics is linear, its
wellposedness is classical and we omit its proof.

We first show that for our model we can construct hypocoercive functionals whose
constants are independent of the number of particles.

Lemma 4.9 (Uniform-in-N hypocoercivity). Assume F' satisfies (2.2) and there exists
a measure mY satisfying (2.19) and having finite exponential moments. Let t — m
be a solution to the N-particle Fokker-Planck equation (2.13) in C([0,T]; P2(R*IY))
whose initial value m?’ has finite entropy and finite Fisher information. Then there exist
constants a, b, ¢, a > 0 depending only on ML and ME,  such that ac > b* and the
functional

EN(mN) = .FN(mN) + Ia,b,c(mN|m£)

N
= FN(m") + Z<Q/|v,ui log hN(z)|2mN(dz)
i=1
+ 2b/Vm log h™¥ (z) - Vi log b (z)m™ (dz)
+ c/‘Vmi log hN(z)|2mN(dz)>, (4.17)

where b .= m"/mL, is finite on m}" fort > 0; moreover, the mapping t — ¥ (m}")
satisfies

¢
SN(miv) < EN(méV) — a/ I(mmmé\fo)du (4.18)

for everyt, s such thatt > s > 0.

Remark 4.4. The constants a, b, ¢ are possibly different from those appearing in the
proof of Theorem 2.1.

Proof. We first show that the condition (2.2) implies a bound on the second-order
derivatives of x — U™ (x) :== NF(ux). The first-order derivatives satisfy

|ViUN(X) — ViUN(x')| = |DmF(,ux,:Ei) — DmF(ux/,m’i)|
< M} Wa(pisc, pixr ) =+ M

7 X3
mm ma ‘.I‘ -

Summing over ¢, we obtain for every ¢ > 0,
[VUN (x) = VUM () [* < (14 2) (M) NW3 (pes i) + (14271 (M) e = x|
< (1 +e) (M) + (L&) (ME) ) I = X[,
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Optimizing ¢ yields |VUY (x) — VUN (x)| < (M[,, + ME,)|x — x/|. Define
||V2UNHOO = HV2UN||0 = ess sup sup |V2UN X)X |
p,o0

2°
xERIN x/€RIN:|x/|o=1

From the Lipschitz bound we obtain

IV2UN| 500 < Moo + My (4.19)
Now suppose there exist a constant M such that U” satisfies
4
x—UN(x)isC* and Y [|[VFUY|| <M, (4.20)
k=3
and that h{Y = m{Y/mL satisfies
ho (2) hy (= (4.21)

for every z € R?*". We apply Proposition 4.8 to show that under our assumptions, there
exists a constant My such that

1 4
hiv(z) + M + Z‘thév(z)‘ < eXp(MT(l + |ZD) (4.22)
g k=1

for every (t,z) € [0,7T] x R??¥ (in fact, z — h)¥(z) remains lower and upper bounded and
its up-to-fourth-order derivatives grow at most polynomially).
We denote u¥ = loghY. In view of the regularity bound (4.22), we have

dFN(
mf Z/|vv’ut mt ’

—%/’unt ‘ my :2/(inuiv-vmut —|—‘Vv1 Uy

N N\, N
+ Vyiuy - Vyiuy )mt ,

/vauf . I'Lut mt /( Zvvzuf VQ Uvajuiv+ |V11ut |

2 N N N N N
+2V,Uiut . vvivxiut + V’Uiut . V@,iut )mt ;

dt/vﬂut -V giulm! —/( Qvazut \%# UNVUJVW'U,{V

+2|Vmivvlut | )mt ,

as is computed in [40]. Denote the Hilbertian norm by ||-[| = [|-|| .2(,,~) and define the
four-dimensional vector
= (v Ve[ [V T |)) (4.23)
By Cauchy-Schwarz we have ——€N (mt ) (Y)TKYN where
1+ 2a = 2||V2UN|| b —2b —2a 0
277N
Ko 2  —2|V2U Hom —4b ’
2b 0
2c
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where ||[V2U¥ ||op. o is bounded by (4.19). We then apply the same argument as in the
proof of Theorem 2.1 to pick a, b, c such that ac > b? and K is positive-definite with its
smallest eigenvalue « > 0. Then,

_deN (m{Y)

W) S A TRYY = ar () ).

from which the desired inequality (4.18) follows.

We then show the inequality (4.18) holds for general mean field functional F' and
initial value m0 Flrst suppose still that U satisfies addltlonally the bound (4.20) but no
longer suppose m0 satisfies additionally (4.21). As m0 has finite second moment, finite
entropy and finite Fisher information, we can find a sequence of measures (mjl{\(’))nem,
each of which satisfies the bound (4.21), such that

Jim W (%, mg’ )+ [H (mi5o) = H(mg™) [+ [T (my) = 1(mg™)| =0,
by the procedure in the proof of Proposition 4.7. We have the convergence m/" — m¥
in P,. So taking the lower limit on both sides of

N (m!N) — N (m; )—i—a/otl( N |m Vds < 0

yields (4.18) for s = 0, thanks to the P,-continuity of F' and the Ps-lower-semicontinuity
of entropy and Fisher information, proved in Lemma A.1.
Second, we no longer suppose UN satisfies the bound (4.20) and set

UN =UN % py,

for a sequence of smooth mollifiers (py)ren in RY. Then U} is C* and satisfies its
second and fourth-order derivatives V”U,iv = V2UN x V”*ka with v = 3, 4 are bounded
as ||V2UN||_ < M[, + ME,,. Moreover, from the bound (4.19) on V2U" we deduce

VoY -u™)|,—=0 (4.24)

and |V2UY|_ < |[V2UN|| < ME, + ME,,. Let (m}/+'),5, be the flow of measures
NN _

driven by the regularized potential U;}¥ with the initial value mgo = m{) and denote its
invariant measure by m{! N . That is to say, m} go is the probability measure proportional
to exp(—UY (x) — 3|v| )dxdv Thanks to the bound (4. 24) we can apply the synchronous
coupling result in Lemma 5.1 and obtain m” N — m}¥ in P, for every t > 0. The result

obtained in the previous paragraph writes
H(mgi\/ //N)“"Iabc(mgiv m//N)_H ‘m”N)_Iabc(mo ‘m//N)

k,00
t
Jroz/ I(my Y |mi X )ds <0
0

for every t > 0 and we take the lower limit on both sides to obtain (4.18) with s = 0 for
general initial values and general mean field functional. In particular, this implies for
every t > 0, m}¥ has finite entropy and finite Fisher information. Then we apply the same
argument to the flow with mév as the initial value and obtain (4.18) for general s > 0. O

Remark 4.5. If we additionally assume a uniform-in-N LSI for m’}, then we can directly
establish

dEn (MmN
% < —kEn(ml),
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for a constant x > 0 independent of N. This approach has been explored in a number
of previous works. We do not impose such an assumption or sufficient conditions for it,
as they often requires the mean field interaction to be small enough or (semi-)convex
enough, excluding the application to neural networks in Section 3.

We then give the proof of Theorem 2.2. The method of proof is similar to [7, Theorem
2.3] and we only need to take into account of the additional kinetic terms. We give a
complete proof only for the sake of self-containedness.

Proof of Theorem 2.2. We pick the positive constants a, b, ¢, « depending only on M=
and Mnl“;m such that ac > b? and (4.18) holds for every t > 0, according to Lemma 4.9.
Then, as in the proof of [7, Theorem 2.3], we will establish a lower bound of the relative
Fisher information I, := I(m{¥|m{) in order to obtain the desired result.

Regularity of conditional distribution. By local hypoelliptic positivity (see e.g. [40,
Theorem A.19 and Corollary A.21]), we know that for every ¢t > 0 and every z € RV,
mN(z) > 0. Let i € {1,...,N}. Define the marginal density m," “(z~%) = [m} (z)d2’,
which is strictly positive by the local positivity of m{¥ and is lower semicontinuous by
Fatou’s lemma. By the Fubini theorem, we have [ miv ’_i(z_i)dz_i = 1. Together with the

lower semicontinuity, we obtain that miv """(z%) is finite everywhere. We are therefore
able to define the conditional probability density

m;' (z) m;' (z)

mN iy [md(z)dz

my T ) =

which is weakly differentiable in 2* and strictly positive everywhere. We can also define
the conditional density mﬁ’ll_’ for the invariant measure mY , and the regularity follows

directly from its explicit expression.

Decomposing Fisher componentwise. Using the conditional distributions, we can decom-
pose the relative Fisher information as
2]

N
_ my' (z)
I; = /‘Vlog m¥ (z)
N

Al
mi(Zy)
m " (Z4|Z ) (2
mi(Z)

T
T

V.ilogm, 1N ZHZ7Y) + Do F (px,, Xi) + V/ ] :

2
mM(dz) =

’Vlog mi (Zt)

I
™

s
Il
—

E||V.:log

miv’i‘_i(zﬂzfi)
mi(Zy)

Vi log

|
.MZ
=

N
Il
—

I
.MZ
=

s

Il

-
T

Change of empirical measure and componentwise LSI. We replace the empirical measure
tix in D, F by py—:. Define the difference 6! (x;y) = Dy F (tix,y) — D F (jix—i,y) and
denote by [ix—: the probability on R?? such that

fix—i(dzdv) o exp (g:;(pxi,x) — ;|v|2) dxdv.
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For every ¢ € (0,1), the Fisher information satisfies

- Nyil=i (i | rp—i i i si NE
Iy = ZE ‘Va:i log m, (Zt‘zt ) +DmF(MX;iaXt) +V +51(Xt§Xt)‘

i=1

G ) . . 12
(1= &)| Vo logm 1~ (X{X) + DinF (1, X0) + V]

— (e = D)|6L(Xe X))

(1-¢) ZE[ (" (2 ) x| (511)§]E{|5§(Xt;)(§)\2},

where we used the elementary inequality (a + b)? > (1 —¢)|a|?> — (7! — 1)|b|2. Define the
first error

N N
A ::;Eﬂai(xt;xg)ﬂ ::Z; [|D,,LF(;¢X”X) Dy F (- l,Xi)ﬂ. (4.25)

The previous inequality writes

>(1-¢) ZIE[ ( Nz

We apply the uniform p-log-Sobolev inequality (2.7) for fix: with p defined by (2.6) and
obtain
ﬂ t—i>

o ()|
dil=i( i|g—iy , OF iy L il—i( g i|rp—i
/(logmN 1= («*|2; )+%(,ux;i,:r ) +§|v |2) Nil= (d='|Z;")

+ log Z(ﬂxt—i),

ﬂxgi)} — (e = 1A, (4.26)

) = H(m T ([z)

where the last quantity is the normalization factor

OoF 1
Z([thﬂ-) = /exp ((Sm(uxti,x) - 2|v|2) dzdv.
Then we apply Jensen'’s inequality to log Z(ji—:) to obtain

g Z(ing:) = — [ (G (o) 10 P Jonoe () = [ oo om0

om

Chaining the previous two inequalities and summing over i, we have

LS (i) = 3 (e + 30

(a1 (02127 = moe(dz)) + H (0 (27 ) - H(mm)} (4.27)

Another change of empirical measure. We are going to replace uy-: by ux in (4.27).
Define 0% (x;y) == 3£ (px-+,y) — 2L (1, y) and the second error

sm
N N

Ay = Z/5§(x; 2 YymY (dz) — Z/ 65(3; 2" )Mo (d2"YmY (dz). (4.28)
i=1 i=1

EJP 29 (2024), paper 17. https://www.imstat.org/ejp
Page 27/43


https://doi.org/10.1214/24-EJP1079
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Uniform propagation of chaos for kinetic MFL

Taking expectations on both sides of (4.27), we obtain

ZE[ (7 (2 i)
> V| [ (Gt + 510 ) oz, — ma)(a)| +éE[H(mi“”(-!Z;i))}

— NH(mso) + Ay, (4.29)

Thanks to the convexity of F, the first term satisfies the tangent inequality

VE| [ (50 + ;|v2)<uzt - mooxdz)}
> NE[F(ux,) — /|v|2mt (dz) /\v2|moo (dz)

= FN(m}') = NF(m) /IVIQW (dz) — /\v2|moo(dz) (4.30)

For the second term we apply the information inequality (4.3) to obtain

S i ()] = ).
Hence,

N

S [ (w1 (2)

i=1

ﬂxgi)} > 4p(]:N(mt ) = NF(moo) +A2)

by the definition of free energies F(m) = F(m)+H(m)+1 [ [v[*m, FN(m") = FN(m"™)+
H(m™) + 3 [|v]*m". Using (4.26), we obtain

L= I(m]|mk) > 4p(1 — &) (]-"N(mt ) = NF(meo) + A2) (e - DA,. (@31
Bounding the errors Ay, As. The transport plan between i, and i,

i 1
Tt = N Z(S(zj’xj) + Zé(zj ) (4.32)
JFi ];ﬁz

gives the bound W1 (ux, pix-i) < m >z |z7 — x*|. We use this transport plan to
bound the errors Ay, As.

Let us treat the first error A;. Since m + D,,,F(m, ) is ML -Lipschitz continuous
in W5 metric, we have

|85 (x5 )| < M, Wa(pisc pix—1)-
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Under the L2-optimal transport plan Law ((Z))N, (Z:)N,) € II(mY,m&") we have

N N
Ay = ZE“(S?L(X&XZ)’Q] < (Mi’msz[Wf (k. bxci) ]
i=1 i=1
< —_F X -X!
N(N —1) 1%%]\,’ t i
i#]

3(an€m)2 i i |2 i ~ 12 j ~ .2
N(N_DEL%;NQ&—XOJ + | XS - XL+ X7 - XL )}
Ti#j

3(M'rlrjm)2 N i >i 2 =1 59 2
W(z(N—l)E[;th - X5 } +N(N—1)E[|XOO—XOOy D

The first term B[S | | X/ — X7 |?] is bounded by the Wasserstein distance W3 (m, m&Y),
while the second E[| XY — X2 |?] equals 2 VarmZ,. Hence the first error satisfies the
bound

A < 6(]\4,5;,1)2 (ilwg (my,mZN) + Varmoo>. (4.33)

Now treat the second error A,. The Lipschitz constant of y — 5§(X; y) = %(ux_i, y)—
%(Nx; y) is controlled by

|Vy5é(x7y)| = ‘DmF(MX’y) - DmF(Ux*iay” < M'rfz"rnwl(:uxvux*i)'

Hence |04 (x;y) — 65(x;9)| < ME, Wi (pux; pix—i)|y — ¥/|. Use Fubini’s theorem to first
integrate 2’ in the definition of the second error (4.28) and let Z(’)o be independent from
Z;. We obtain

Al < ﬁ:/(/ﬁ%(X;xi) _5§(X;$')!moo(dz’)>m§v(dz)
< i_v:// ME Wi (i, fix—1)

z' — xt|meo (d2")ymd (dz)

N MF N
< Z//# Z \1:1 —$j\|xl—xi|moo(dz’)mév(dz)
= NI A
MF N N
m i 9 r a2 , N
_W‘”;//j_z,;#(u =l ol = '[P e (d2ymiY (da)
ME N . 2 N e
< QN(NI)Q]Z_l]E[!Xlt - X/| } +(N—1);E[\Xt - X D
i#j

Using the same method we used for A;, we control the first term by

N
3 EUXZ - Xgﬂ < 6N(N - 1) (;Wf(miv,m?gjv) +Varmj§o).

i,j=1
i#£]

For the second term we work again under the L?-optimal plan Law ((Z)Y,, (ZL)} ;) €
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I(mN, m2N) and let Z’_ remain independent from the other variables. We have

N N
Zm[yxg - 1goﬂ < zz(E[\X; _Xg;oy?} +E[y;2go _f(;oﬂ)
i=1 =1
< 2N<]1[W22 (miv,m?gN) + 2Varm§o>.
As a result,

4
1A < ME (NW22 (my,mZN) + 5 Var mgo) . (4.34)

Conclusion. Inserting the bounds on the errors (4.33) and (4.34) to the lower bound of
Fisher information (4.31), we obtain

I(m |md) = 4p(1 = 2)(FN (') = NF(mo0))
— (16905, + 6~ D(ME,)) %wg (m¥, m2N)
— (20pM},,, +6(=7" = 1) (M,,,)") Varm,.
Thanks to the Poincaré inequality (2.8) for m., = 1Mo, its spatial variance satisfies

2p Var,, _(z') < B, [|V2'|’] = 1. (4.35)

So Varm?, = 3% Var,, _(z') < d/2p. Using the Ty-transport inequality (2.9) for m&N
and the entropy sandwich Lemma 4.3 we bound the transport cost by
W3 (myY,m&N) <

o0

1 N|. ®N Lion, N
;H(mt Im&N) < ;(]: (my') — N]:(mt)>.
In the end we obtain N (my) < EN(ml') — « fsT I,dt where

I = %I(miv‘mévo) + ll(mi\”mévo)

2
> % 4(1 —€)p — M]’gm (16 +6(c7! — 1)M§m>} (IN(mg\’) — N]-'(moo))

1 dMF
+ S I(mY |mL) — =22 (10p 4+ 3(c~ " = 1)ML,,).
2 2p
We conclude by applying Gronwall’s lemma, as in the end of the proof of Theorem 2.1. O

5 Short-time behaviors and propagation of chaos

Our proof of the main theorem on the uniform-in-time propagation of chaos (The-
orem 2.3) relies on the exponential convergence in Theorems 2.1 and 2.2, where the
initial conditions are required to have finite entropy and finite Fisher information. We
aim to demonstrate in this section that the non-linear kinetic Langevin dynamics exhibits
the same regularization effects in short time as the linear ones, where the contributions
from the non-linearity can be controlled. We will first show the short-time Wasserstein
propagation of chaos using synchronous coupling. Then we adapt the regularization
results for the linear dynamics to our setting and show that for measure initial values of
finite second moment, the entropy and the Fisher information are finite for the flow at
every positive time, where the short-time Wasserstein propagation of chaos also plays a
role. Finally we combine all the estimates obtained to derive Theorem 2.3.
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5.1 Synchronous coupling

We first show a lemma where synchronous coupling is applied to general McKean-
Vlasov diffusions. This lemma is also used to justify the approximation arguments in the
proof of Theorems 2.1 and 2.2.

Lemma 5.1. Let T > 0 and 3, B’ : [0,7] x P2(R%) x R? — R? be measurable and
uniformly Lipschitz continuous in the last two variables and o be a d x d real matrix.
Suppose the integral fOT(|6(t,60,0)| +16'(t, 60,0)|)dt is finite. Let (Z;)icjo,1), (Z4)tefo,1) be
respective solutions to

dZt = /B(t, Law(Zt), Zt)dt + O'th,

dz; = p'(t,Law(Z}), Z;)dt + ocdW,
where W, W' are d-dimensional Brownians. If there exist constants M,,, M, and a
progressively measurable § : Q x [0,7] — R such that for every t € [0,T], every m,
m' € Po(RY) and every z, 2’ € R4,

B(t,m, Ze) = B'(t,m, Z{)| < My Wa(m, m') + M| Ze = Zi| + 6 (5.1)
almost surely, then for every t € [0,T],
W3 (Law(Zy), Law(Z])) < e2Mmt2MIH W2 (Law(Z,), Law(Z)))

¢
+e2t/ e(2Mm+2Mz)(t*S)E[(Sﬂds.
0

Proof. From the uniformly Lipschitz continuity of b and b’ we have the uniqueness in law
and the existence of strong solution for both diffusions. So we can construct (Z;, Z{)te[o,T]
such that they share the same Brownian motion and satisfy

E[|Zy — Z|*] = W3 (Law(Zy), Law(Z)).
Consequently,
d(Zs - Z,) = [b(s, Law(Zy), Z,) — V' (s, Law(Z}), Z;) | dt
and by Ito’s formula,
d|Zs — Z)* = 2(Zs — Z.) - [B(s, Law(Zy), Z,) — B/ (s, Law(Z}), Z)] ds.

By (5.1) we have

|B(s,Law(Zy), Zs) — B'(s, Law(Z,), Zs)| < My, W (Law(Z,), Law(Z))

1/2

+ M.|Zs — Zl| + 6s < My B[|Zs = Zi?] "7 + M.|Zs — Z{| + 6.

Hence

1
SdlZ = Zi? < M.|Z, - Z]? + M, B[ Z, - Z 2

‘Zs - Zé| + |Zs - Z;|58~
By Cauchy-Schwarz,
d|Zs = Zo) < 2M. + My +17)|Zs = ZUJ? + M B[|Zs — Z,|?] + 102,

Taking expectations on both sides and applying Gronwall’s lemma, we obtain
t
EUZt _ Zt/|2] — 2(Mz+Mp)t+1 IE)[|ZO _ Z(’)|2] +t/ e2(M+ My +t71) (t—s) ]E[é?]ds
0
t
< POLAMHI R 70 7] 4 th/ FMAMn)(1-9) | [52] ds,
0
from which the desired inequality follows. O
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Since the finite-time propagation of chaos does not depend on the gradient structure
of the diffusions, we introduce a more general setting. Let b : P»(R??) x R? x R? — R be
a mapping that is Lipschitz in space and velocity: there exist positive constants Mf; Mé’
such that

Vo, o' v, 0" € RY, Ym € Py(R),
lb(m, z,v) — b(m, 2’ V)| < M2z — 2’| + MEjv —'|. (5.2)

We suppose also that the functional derivatives %, 5‘5;2 exist with the following bounds:
there exist positive constants M?, M? = such that
Vm € Po(R?*), V2,2 € R*, |D,,b(m, 2, 2)|op < MP,, (5.3)

and
vm m c PQ(]RQd V€ ]RQd
) 2
‘//[ d°b (m/,2,2,2') — ;me(m',z,z',z'/)]m(dzl)m(dzu)

We consider the following mean field dynamics:

<M}, (5.4)

dX; = Vidt,
dV, = b(Law (X, V4), Xy, Vi) dt + V2dW, ©-5
and the corresponding particle system:
dX! = Vidt,
(5.6)
AV = b(puex, vy, Xi, Vi) dt +v/2dW],  where px, v,) =¥ Za (XE,Vi)
andi =1, ..., N. In both equations W;, W/ are standard Brownians and (W)Y, are

independent from each other. The dynamics (5.5) and (5.6) are well defined globally in
time thanks to the Lipschitz continuity (5.2) and we denote by P and PY the respective
associated semigroups. That is to say, if (X;, V;) solves (5.5) and Law(Xq, Vo) = p, then
Pfu = Law(X¢,V;) and (P.f)(u) = (f,(P)*p) for bounded measurable f : R?*! — R;
if (X}, V), solves (5.6) and Law(Xo, Vo) = xV, then (PN) uV = Law(X;, V,) and
(PN FNY (™) = (fN, (PN) uN) for bounded measurable fV : R2¢N — R. We also define
the tensor product of the mean field semigroup: (P2 fN)(u) = (fN, (Pru)®N).

Using the previous Lemma 5.1 as a building block, we now show the finite-time
propagation of chaos result.

Proposition 5.2 (Finite-time propagation of chaos). Assume b satisfies (5.2) to (5.4) and
let N > 2. Then there exist a positive constant C' depending on M?, M?, M? and M?,,,
such that for every m € Py(R??) and m”™ € Py(R??V), and every T > 0,

W3 ((Pf«v)*mN, (P}m)®N) < CeTWE (m™N,m®N) + C(e“T — 1)(Varmg + d).  (5.7)
Proof. We apply Lemma 5.1 with

Bi(tvavz): ('U b:U/(xv)vx U )Tv

Bt m",z) = (v',b(Prm,z’ v ))T,
N

5 = |l : Z\b nex, v, X Vi) = b(Prm, X3V P
i=1 i=1
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and M, = 2M? Vv \/2(M?)2 + 1, M, := 0. We then obtain
t
W3 ((Pt]\’)*n”/\[7 (Pt*m)‘g’N) < A (Y, mPN) + ezt/ 2M=(=9) 5 [52] ds.
0

So it remains to bound E[62] . By enlarging the underlying probability space, we construct
the random variable Z, = (X}, V}) ~ (Pym)®" such that

g:]E“Z;' - Z;iﬂ - Wf((PtN)*mN, (P;m)®N).
=1

This implies in particular

1
E[W22 (N(Xt,vtwﬂ()”(;?\?;))] < NW22 (mivvm?N) (5.8)

For each i, we decompose

0 = (b(Prm, Z7) = bz Z1) ) + (blugg . Z1) = bz, Z1) )
o+ (buzys Z0) = bloiz,, Z7) ) = (@ + (D) + (11D,
According to the assumption (2.4) we can apply Lemma B.1 to the first term and obtain

. M£L2Varm, M.
E[<I>2J=E[E[<U2!Ztﬂ§( 13_1 v

We then bound the second term by the M? -Lipschitz continuity:
E[10%] < (M},)" E[WS (ng,-+.1z,)]

(M},)°
N(N - 1)

b 2
3 IE[|Zt’j - Z;ﬂ - %Varﬂ*m.
jiji

<

Finally by (5.8), we have

b2
E[(IID?] < (Mp,)? E[WS (nz,, nz;)] < (MJQ”) Wg((PtN)*mN,(P*m)M)

Hence

N
E[5;] = Z E[|6%] < C[l + Varm; + W3 ((PtN)*mN7 (Pt*m)®1v)]
=1
for some constant C' = C'(M},, M?,,,). By It6’s formula the variance Varm, satisfies

%Var my = 2(B[V?] — E[Vi]?) + 2E[X, - b(P;m, Zy)]

—2E[Xy] - E[b(P;m, Z;)] + 2d < C'(Varm; + d)
for some C’ = C'(M?, M?,). Then Grénwall’s lemma yields Varm, < et Varmg + (e —
1)d. Upon redefining the constants, we obtain for every ¢ > 0,

W22((PtN>*mN’(Pt*m)®N) < €2Mzt+1W22(mN’m®N)

t
+ C’t/ e2M=(t=9) [WQZ ((PSN)*mN7 (P:m)®N) + €% (Varmg + d) | ds.
0

We then conclude by applying the integral version of Gronwall’s lemma. O
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5.2 From Wasserstein metric to entropy

We study in this section a logarithmic Harnack’s inequality for kinetic McKean-
Vlasov dynamics and the corresponding particle system. This inequality then implies the
regularization from Wasserstein to entropy.

Lemma 5.3 (Log-Harnack inequality for propagation of chaos). Assume b satisfies (5.2)
to (5.4) and let N > 2. Then there exist a positive constant C depending on Mi’ Mf
M}, and M?,,. such that for every m € P2(R??) and m"™ € P»(R?*¥), every measurable

function fV : R?N — (0, +c0) that is lower bounded away from 0 and upper bounded,
and every T > 0,

(P log fN)(m™N) < log(PEN V) (m) + C((T/\11)3 + eCT> W3 (m™N, m®N)
+ C(eT —1)(Varm 4+ d). (5.9)
Consequently,
* " 1
H((szvv) mN‘(PTm)@)N) S C(W + CCT) W22 (mN, m®N)

+ C(eT —1)(Varm 4+ d). (5.10)

Proof. Let us first prove the log-Harnack inequality (5.9) for compactly supported m and
mN.

Constructing a bridge. Fix T' > 0 and let (X'Z, f/ti)f\':l be N independent duplicates of the
solution to (5.5) with the initial condition Law(X{, Vi) =m fori =1, ..., N. We denote
the N-independent Brownians by Wt"'. By enlarging the underlying probability space, we
construct random variables X, V such that

N
SOB[Ixd - Xl + [V - V)] = wE(m®,mN).

=1
Define for ¢ =1, ..., N the stochastic processes
dX! = Vidt, (5.11)
i w, i Vo — f/oi d i Tri
avi = (b(Prm, X}, V}) —T—k%(t(T—t))v dt + 24w}, (5.12)
where
i 6 i i T i i
vhi= —(XO—X0)+§(VO—VO) . (5.13)

The difference processes (X; — X7,V — V}) satisfy

Vi — Vi :
—%dt—&-d(t(T—t))v‘,

A~ Xi) = (Ve — V)t + 0T — tyotar,

so that
ve-vi =Tt v+ SO0 (-5 + T - 1) s
x; - = - - ) - TR (- ), .19
In particular X} = X% and V} = Vii.
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Change of measure. Define

i1 i T i, VoV d i
§ = \@<b(Pt m, X;, Vi) = b(px, v, Xi Vi) + % + a(t(T*t))U )
and 6b} == b(P;m, Z}) — b(uz,, Z}). It satisfies
, 4 1 R R
) < o+ oM+ 4 5 ) (X5 - Y+ TG - 51

for some universal constant C. In the following C' may change from line to line and
depend on the constants M2, M}, MY and M},,,. Set Wi := Wi+ [ & dt and

— = i L [00)2
R. = exp[—;</o AW, +5/0 [ dtﬂ

which is a local martingale. Then (X% Vi W) solves (5.6). Since m, m” are both
— X{|, |Vd — Vi§| are bounded almost surely. The difference in
drift 6bi has uniform linear growth in X;, V,, and therefore uniform linear growth in Xt,
V.. We then apply Lemma C.1 in the appendix to obtain that R. is really a martingale. By
Girsanov’s theorem W/ are independent Brownians under the new probability Q = RP.
Since Xy, Vo, XO, \70 are independent from the Brownian motions we have

N
SUEQ[|XG - X+ [V§ - T[] = W2 (m, meN).
i=1
Hence for measurable functions fV : R2¢V — R that are lower bounded away from 0
and upper bounded, we have

E[Rrlog fN (X, Vr)]

E[Ry log Rr] + log E[fN (X1, V)]
E[Rrlog Ry] + log B[ (X7, V)]
E[Rr log Rr] + log(PEN ) (m).

(P log f) (m

I |/\

So it remains to bound E[Rr log Rr|. We observe
1 N 2
E[Rrlog Rr] = E®[log Ry] = §EQ [Z / €] dt}
i=1"0
b Mf)’ 1 2@ i i |2 21,4 i |2 Q TS ;|2
<OT(ME+ 22+ = ) BO[|x¢ - Xif* + 72|vg - V|’ + CE > lovi[ar
c(Tvi1)? T e
Arguing as in the proof of Proposition 5.2, we have
N
ZEQ Uébﬂz] < Ce“t (W22 (mN,m®N) + Varm + cl)7

So the log-Harnack inequality (5.9) is proved for compactly supported m” and m.
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Approximation. Now treat general m”, m of finite second moment, but not necessarily
compact supported. Take two sequences (mY )ren, (mi)rew of compactly supported
measures such that m,iv — m® and m, — m in respective topologies of P,. For

continuous f% such that log fV is bounded, we have
(PN log V) (my)) — (BN 1og fN)(m™),  (PEN ) (my) — (PEY V) (m)

by the P,-continuities of (P})" and P;. So the log-Harnack inequality (5.9) is shown for
every continuous fV which is both lower and upper bounded, and for general m” and m
of finite second moment. For a doubly bounded but not necessarily continuous f~ we
take a sequence of continuous and uniformly bounded ( f,iV )rew that converges to fV in
the o(L>°, L') topology. We have

(P 1og i) (m™) = (PMog fM)(m™),  (PEYfY) (m) — (PPN fY) (m)

since both (PY¥)*m® and P;m are absolutely continuous with respect to the Lebesgue
measure according to Lemma 4.5. So the desired inequality (5.9) is shown in full
generality. Finally, to obtain (5.10) we define another sequence

NY* N
N (PT)m 1
= ——— Ak |V =
o ((P;m>®“> k

for kK € IN. We apply the Harnack’s inequality (5.9) to g]iv and take the limit k¥ — +o00. O

Using the known results on log-Harnack inequalities we can also obtain the regular-
ization in the beginning of the dynamics.
Proposition 5.4. Assume I satisfies (2.2) and there exist probabilities m., mé\’o sat-
isfying (2.18) and (2.19) respectively and having finite exponential moments. Let mg
(resp. m}’) be the initial value of the mean field dynamics (2.12) (resp. the particle
system dynamics (2.13)) of finite second moment. Then there exist a positive constant C
depending on M~ and ME  such that for every t € (0,1],

mm

C C
H(my|meso) < t—SWQQ(mO,mOO) (resp. H(my' |ml) < ﬁwg(mg,mg)). (5.17)
Proof. Note that m; = P;mg and m¥ = (PN)'m}} where P, and P} are the McKean-
Vlasov and the linear semigroup corresponding to the SDEs (2.10) and (2.11), respectively.

We then apply the log-Harnack inequality for McKean-Vlasov diffusions [32, Proposition
5.1] and obtain

C
H(mims) < t—ng(mt,mm)
fort € (0, 1]. For the particle system we apply the classical log-Harnack inequality (which

corresponds to the case where M?, and M), are both equal to 0 in our Lemma 5.3, i.e.
no mean field dependence) and obtain

C
H(mﬂmivo) < gWg(m,{V,mﬁ)

for t € (0,1] and it is clear from the computations in Lemma 5.3 that the constant C' can
be chosen to depend only on M. and ME . O
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5.3 From entropy to Fisher information

We then adapt Hérau'’s functional to our setting to obtain the regularization from
entropy to Fisher information.

Proposition 5.5. Assume that F' satisfies (2.1) and (2.2), and that there exist proba-

bilities meo, m¥ ~ satisfying (2 18) and (2.19) respectively and having finite exponential

moments. Let mg (resp. my N) be the initial value of the mean field dynamics (2.12)

(resp. the particle system dynamics (2.13)) of finite second moment and finite entropy.

Then there exist a positive constant C' depending on M., ~and ML  such that for every
€ (0,1],

C C
I(my|ny) < t—3(.7-'(m0) — F(ms)) (resp. I(my|ml) < F),H md mi)). (5.18)

Proof. First derive the bound for the mean field system. We suppose additionally F'
satisfies (4.5) and my/m~ € A4 without loss of generality, as they can be removed
by the approximation argument in the end of the proof of Theorem 2.1. Let a, b, ¢ be
positive constants to be determined. Motivated by [40, Theorem A.18], we define Hérau's
Lyapunov functional for mean field measures:

/|v2\m+H at/|Vt,logn|

+2bt2/leogn~VU lognm+ct3/|vz logn\Qm

E(t,m)

where 7 = m/7. From the argument of Theorem 2.1, we know that £(¢,m;) is well
defined and ¢ — £(t, m,) admits derivative satisfying £&(t,m;) < —Y," K}Y;, where K] is
equal to

1—a+2at —2(ML, + ME bt? =262 —2at — 4bt — 2ME, ct3 0

0 2at —2MFE ct? —4bt?
0 0 20t — 3ct? 0
0 0 0 2ct?

and Y; is defined by (4.13). We then choose the constants a, b, ¢ depending only on M,ﬂr
and ME  such that ac > b? and K| = 0 for t € [0, 1]. Hence ¢ — &£(t,m;) is non-increasing

mm

on [0,1] and the Fisher bound follows: for every ¢ € (0,1],

I(my i) < s(f (t,me) = F(my))
< %(5 t,me) — F(moo))
< %(5 0,mo) — F(meo))
= %(}' F(mes)).

Here, in the second inequality, we use F(m;) > F(m) which is a consequence of
Lemma 4.2. Note that this inequality relies on the convexity of F'

For the particle system we suppose additionally UV satisfies (4.20) and m{’/m&
satisfies (4.21) without loss of generality, as they can be removed by the argument in the
end of the proof of Lemma 4.9. We define

1
EN(t,m™) :FN(mN)+§/|V2|mN+H(mN)+at/|VvloghN|2mN

+ 2t / VieloghY - Vylog BN m® + ct3 / |V log Y |*m™N
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where hY := m¥/ml]. By the computations in Lemma 4.9, we have £&V (¢, m]¥) <
—(Y"M)TK'Y,N, where K| is equal to

1—a+2at —2(ML, + ME bt?  —2bt? —2at — 4bt 0
2at  —2(ML,+ ME,)ct®  —4bt?

20t — 3ct? 0
2ct3

and Y,V is defined by (4.23). We choose again the constants a, b, ¢ depending only on
ME and ML such that ac > b* and t — H" (t,m}) is non-increasing on [0, 1]. Hence
we have for every ¢ € (0,1],

1 ) < G (&Y (t.mi) — 7Y (m))
< S (e mp) - PV ()
< S (e (0my) - 7 (md)
= () - P )
= CH(mY mY)

Similarly, we use the fact that 7V (m}) — F¥ (m%)) = H(m}|m%)) > 0 to get the second
inequality. Here the difference is that the N-particle system is linear and this fact does
not rely on the convexity of F'. O

5.4 Propagation of chaos

Using all the regularization results proved in Sections 5.2 and 5.3 we can finally give
the proof of the main theorem.

Proof of Theorem 2.3. Let mo and m{’ be the respective initial values for the dynamics
(2.12) and (2.13) and suppose they have finite second moment. The first claim of the
theorem (2.22) can be written as two bounds on W (m,m"), the first of which follows
directly from the finite-time bound in Proposition 5.2. The second claim (2.23) is nothing
but Lemma 5.3. It remains to find some Cs, x depending only on p%, ML , ME —and

prove

CyN .
WE(mi mf™) < o W mo,mec)e
02 2 N N _ _ CQCZ
. ONYe(hmC/NE =22 (5.19
T a2 (me meTe oy 19

fort > 0. Set t; = 41 and ¢, = ¢ A 1. By the Wasserstein to entropy regularization result

- 2
in Proposition 5.4, we can find a constant C' depending on M and MZ  such that

mm

C C
H(my, meo) < EWg(mo,moo) and H(mf\”mﬁ) < EWQQ(méV,mZOVO)
In the following C' may change from line to line and may depend additionally on the LSI
constant p. Applying the regularization in Proposition 5.5 to the dynamics with m;, and

m{ as respective initial values and noting that ¢, — t; < 1 by definition, we obtain
t1
. C
I(mt2|mt2) < 3 (]:(mtl) - ‘F(moo))v
(t2 — t1)
C
I(mN ) < H(mNmY),
( ta tz)— (tg—t1)3 ( t1| 00)
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whereas F(my, ) — F (M) is bounded by the entropy sandwich in Lemma 4.2:
F(my,) — F(meo) < CH(my, Mo )-

Consequently, both the measures m;, and mg have finite entropy and finite Fisher
information, and we can apply respectively Theorems 2.1 and 2.2 to the dynamics with
initial values my, and m}). We then obtain

F(me) — F(meo) < %Wf(mo,mw)e_“(t_t"’)
1

and
Cd

W2 (mé\r’ mg@gN)ef(nfC/N)(tftz) +
Using consecutively the triangle inequality, Talagrand’s inequality (2.9) for m2" and the
entropy inequalities in Lemmas 4.2 and 4.3, we have

W3 (miv,m?N) < 2W3 (miv,mg%N) + 2NWE (g, moo)

< %(H(mi”mgjv) +NH(mt|moo)>

2 N( N) m ms) — F(m
g;(f (m}’) = NF(me) + N (F(me) — F( oo)))

So the inequality (5.19) is proved by combining the above three inequalities. O

A Lower-semicontinuities

Lemma A.1. The entropy H (-) and the Fisher information I(-) are lower-semicontinuous
with respect to the weak topology of P;. Consequently, under the assumption (2.2), if
(M, )nen is a sequence converging to m, in P(R2?), then

liminf H(my,|m,) > H(m.|m,) and lminf I(my|m,) > I (m.|m.y).

n—-+o0o n—-+oo
Proof. The lower semicontinuity of m — H(m) is classical. We show the lower semi-
continuity of the Fisher information. Let (m,,),cn be a sequence converging to m, in
P (R?). Without loss of generality, we suppose I(m,,) < M? for every n € IN. This implies
in particular ||[Vm,|r: < M by Cauchy-Schwarz. For every function ¢ belonging to
C(R%), we have

[(Ve,m.)| = (V,mn)| < Ml|¢|oo-

lim |
n—-+o0o
Hence ||Vm.|tv < M as well. Moreover, for every f € C.(R?) and every € > 0, we can
find ¢ € C°(R%) such that || f — ¢|l« < 157 and n € IN such that [(Vy,m, — m.)| < 5.
Then,

(£ V(mn —m))| < [(f =@, Vma)| + [(f = ¢, V| + [V, my — m.)

e €
2. — M+=-=c¢.
<2 Mg =e

Equivalently, the sequence of R?-valued Radon measures (Vm,,),cn converges to Vim
locally weakly. We then apply [1, Theorem 2.34] to obtain

liminf I'(my,,) > I(m.).

n—)«lkoo
Finally, the lower semicontinuity of m — H(m/|) (resp. m — I(m|m)) follows from
the lower semicontinuity of m — H(m) (resp. m — I(m)) and the locally uniform

quadratic growth of © — %(m,x) (resp. the locally uniform linear growth of x —
D, F(m,x)). O
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B Convergence of non-linear functional of empirical measures

Let ¢ : P2(RY) — R be a (non-linear) mean field functional and m be a probability
measure with finite second moment. We suppose the first and second-order functional

2
derivatives 22, 24 exist and that (¢, m) satisfies

om? dm?

vm' € Po(RY), Vo € RY, |Dpo(m/,z)| < M, (B.1)
Vm' € Py(RE 70 0 d dy)| < M. B.2
m' € Py(RY), // S ') — () | mldoym(dy)| < My (B2)

for some constants M; and Ms.
Remark B.1. The condition (B.2) is a modified version of the condition [39, (p-LFD)]. Our
version has the advantage of being intrinsic: the left hand side of (B.2) stays invariant

under the change g;f; g;‘@ (m,z,y) + ‘;ﬂ(m, y) + ¢2(m) for regular enough ¢,
and ¢s.

(m,x,y) —

m

Lemma B.1. If the mean field functional ¢ and the measure m satisfy (B.1) and (B.2),
then for N i.i.d. random variables &1, ..., &y ~ p, we have

M2Varm M3

¥ - (B.3)

Eflg(1e) — ¢(m)|?] <

Proof. We have the decomposition

2

E[|¢(1e) — ¢(m)[?] = Var ¢(ue) + (E[d(ne)] — ¢(m))".

Thanks to (B.1), the mapping &' — ¢(ug) is 1‘1/1\,1 -Lipschitz continuous, so by the Efron-

Stein inequality we have

M2
Var ¢(pe) < Wl Var m.

For the second term we apply the argument of [39, Theorem 4.2.9 (i)] and obtain
E[p(ne)] — ¢(m)] < == O

C Validity of Girsanov transforms

We prove a lemma similar to [18, Lemma A.1] which allows us to justify Girsanov
transforms.

Lemma C.1. Let (2, F, (F;)ico,r), P) be a filtered probability space. If 3, v, X, Y :
Q2 x [0,T] — R? are F;-adapted continuous stochastic processes satisfying

1Bl + 1vel < C(1+ | Xe| + Vi)
almost surely for some constant C, and if the tuple (X,V, 3) solves

dX, = V,dt,
dV, = Bydt +/2dW,

for an F;-adapted Brownian W, with ]EUXO|2 + |VO|2} < +o0, then the exponential local

martingale
. 1 -
R. :=exp (/ Vs - dWs — */ |'75|2d5>
0 2 Jo

is uniformly integrable.
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Proof. It suffices to verify E[Ry] = 1. Put M. = R.(1+|X.|? +|V/|?). By Itd’s formula, the
local semimartingale satisfies

dMy = 2Ry (Xy - Yy + (B + V27) - Yy 4+ 1)dt + Re (14 | Xe|? + Y2}y + 2V2Y3)-dW,.

Using the uniform linear growth condition of 3, 7, we can find a constant C' such
that t — e~ %M, is a local supermartingale. But e~“*M, > 0. So by Fatou’s lemma
t — e~ “*M, is really a supermartingale and this yields E[M;] < e“* E[M,]. The Ito’s
formula for R. writes

dR; = Ryy; - dW,.

So for € > 0 the bounded supermartingale satisfies

R.
1+eR.
d R, B 5Rt2'7t2 t

1+eR,  (I+eR)P T M teRr)2 "

- dW;.

Taking expectations on both sides, we obtain

R 1 T cR242
gl_fir | _ _E/ _EeRy
1+eRyp 1+¢ o (1+eR)3

Using the bound % < Rtfyf < CM,, we take the limit ¢ — 0 by the dominated
convergence theorem and obtain E[Rr]| = 1. O
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